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Hadronization process turns partons produced in hard-scattering reactions into the physical, 
colorless, non- perturbative hadronic bound states detected in experiments.  
 
Processes with an observed hadron in the final state can be described in terms of perturbative hard-
scattering cross sections and certain non- perturbative but universal functions:  
 
1-parton distributions, accounting for the partonic structure of the hadrons in the initial state just 
before the interaction. 
 
2-Fragmentation functions, encoding the details of the subsequent hadronization process . 
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Understanding the generation of hadrons from quarks and gluons (partons). 
 

An essential tool in the description of a number of processes used to 
examine the internal structure of nucleons. For example, processes 
probing nucleon momentum, spin, flavor and spatial distributions.		
[arXiv:0804.2021]	

An essential tool in the description of  the dynamics of cold (nuclear DIS)  
 and hot nuclear matter (high-energy nucleus-nucleus collisions) .  
[Phys.	Rev.	D	81,	054001	(2010)]		
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Essential ingredients of theoretical predictions for the present 
 or future hadron colliders such as LHC and LHeC.[arXiv:2004.04213]

The FFs are a basic ingredient for the calculation of the production of high 
transverse-momentum particles at collider energies within perturbative QCD.
[J.	High	Energy	Phys.06	(2019)	51]	
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Precise determination of fragmentation functions (FFs) including their 
experimental uncertainties had become an active topic for many hard Processes. 

[JHEP	1509	(2015)	149]	
[Phys.	Rev.	D	82	(2010)	119903]	

	[arXiv:2001.10194v2]	

Belle	
Collaboration	
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Perturbative phase 
as<1 (Parton Level) 

Non-perturbative phase 
as≥1 
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Figure 1: Representation of the scattering amplitude for processes whose QCD description involves
FFs: Single-inclusive hadron production in (a) e+e� annihilation, (b) deep-inelastic lepton-nucleon
scattering, (c) proton-proton scattering.

In general, the following processes have played and continue to play a crucial role in studies of FFs:

• single-inclusive hadron production in electron-positron annihilation, e+ + e� ! h+X. Often this
process is simply denoted as single-inclusive annihilation (SIA).

• semi-inclusive deep-inelastic lepton-nucleon scattering (SIDIS), ` + N ! ` + h + X.

• single-inclusive hadron production in proton-proton collisions, p + p ! h + X. Related processes
like proton-antiproton (pp̄) collisions have been studied as well.

The scattering amplitudes for these reactions are displayed in Fig. 1. In these cases QCD factoriza-
tion theorems schematically read [3, 13]

�e+e�!hX = �̂ ⌦ FF , (1)

�`N!`hX = �̂ ⌦ PDF ⌦ FF , (2)

�pp!hX = �̂ ⌦ PDF ⌦ PDF ⌦ FF , (3)

where �̂ indicates the respective process-dependent partonic cross section that can be computed in
perturbation theory. The parton-model representation of the cross section for the three processes is
shown in Fig. 2. Using the parton model, or in other words leading order perturbative QCD (pQCD),
it is often straight forward to write down a factorization formula. However, in full QCD it is typically
challenging to analyze and factorize radiative corrections to arbitrary order in the strong coupling [3, 13].
Factorization theorems only hold if specific kinematic conditions are satisfied, where the minimum
requirement is the presence of a hard scale that allows one to use pQCD. For SIA that scale is provided
by the center-of-mass (cm) energy

p
s. For SIDIS it is the momentum transfer between the leptonic and

the hadronic part of the process, while in the case of hadronic collisions it is the transverse momentum
of the final state hadron relative to the collision axis. The specific form of the factorization theorem,
including the precise meaning of the “multiplication” ⌦, also depends on the kinematics of the process.
In addition, it can depend on the polarization state of one or more of the involved particles. More
information on this point will be given later in this paper and the references quoted there. We also
mention that the factorization theorems in Eqs. (1)-(3) hold in the sense of a Taylor expansion in powers
of 1/Q, where here Q denotes the hard scale of a process. The term on the r.h.s. of these equations
then represents the leading contribution. Factorization theorems have been written down for certain
subleading terms as well, but in most such cases all-order proofs do not exist.

An interesting and important early application of FFs in the 1970s was for the production of large-
transverse-momentum hadrons in hadronic collisions, where FFs are needed according to (3). Data
for this process had been obtained in pp collisions at the ISR (Intersecting Storage Ring) collider at
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While PDFs were understood as probability densities for finding partons, with a 
given momentum, inside color-neutral particles, FFs were understood as 
probability densities for finding color-neutral particles inside partons 
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In the limit of a very heavy quark, one expects the fragmentation function for a heavy quark to go 
into any heavy hadron to be peaked near z = 1                              Different parameterization Forms 

Each parton will fragment with 100% probability into some hadron H. 

The sum rule should be dominated by the fragmentation into the lightest hadrons such as pions and kaons. 

The energy fraction for the hadron h which is created from the parton i. 

Energy	sum	rule	

χ2globalðpÞ=DOF values of order unity. As expected on
general grounds, χ2globalðpÞ=DOF is reduced as one passes
from NLO to NNLO. This is also true for the individual
datasets, except for the most recent one, from DELPHI. The
NLO and NNLO fit results for p are summarized in
Table II.
In Fig. 1, the z distributions of the NLO and NNLO

b→ B FFs at the initial scale μF ¼ μ0 are compared with
each other. The NLO and NNLO results agree in shape and
position of maximum, but differ in normalization. This
difference is induced by the Oðα2sÞ correction terms in the
hard-scattering cross sections and in the timelike splitting
functions, and it is compensated in the physical cross
sections to be compared with the experimental data up to
terms beyond Oðα2sÞ. The error bands determined as
described in Sec. III are also shown in Fig. 1. They are
dominated by the experimental errors, which explains why
they are not reduced by passing from NLO to NNLO. In
Fig. 1, the KKSS b→ B FF [18] is included for compari-
son. It somewhat undershoots our NLO b→ B FF, which
we attribute to the impact of the DELPHI data [22], which
were not available at the time of the analysis in Ref. [18].
In Fig. 2(a), the analysis of Fig. 1 is repeated for

μF ¼ MZ, the c.m. energy of the experimental data fitted
to. Our NLO and NNLO b→ B FFs are now closer
together, the remaining difference being entirely due to
the Oðα2sÞ corrections to the hard-scattering cross sections.
On the other hand, the difference between the NLO b→ B
FF and the KKSS one is hardly affected by the DGLAP
evolution from μ0 to MZ, as it is due to a difference in the
collection of experimental data fitted to. Figure 2(b) is the
counterpart of Fig. 2(a) for the g → B FF, which is
generated by DGLAP evolution from the initial condition

DB
g ðz; μ0Þ ¼ 0, as explained in Sec. II. Our NLO and

NNLO results are now very similar; the KKSS result again
falls below our NLO result. The comparisons between our
NLO and NNLO results for the b→ B and g → B FFs are
refined in Figs. 2(c) and 2(d), respectively, where these FFs
and their error bands are normalized with respect to the
central values at NLO. Deviations occur at small and large
values of z, which are outside the focus of our present
study. They are due to large soft-gluon and threshold
logarithms, respectively, which are included through
Oðα2sÞ at NNLO, but only to OðαsÞ at NLO. These
logarithms invalidate the fixed-order treatment at small
and large values of z and should be resummed. This is,
however, beyond the scope of our present analysis and left
for future work.
In Fig. 3, the NLO and NNLO results for

ð1=σtotÞdσðeþe− → Bþ XÞ=dxB evaluated with our
respective B-hadron FF sets are compared with the exper-
imental data fitted to. The uncertainty bands stem from
those of the B-hadron FFs and are of experimental origin.
We observe that the experimental data are in good mutual
agreement and are well described both by the NLO and
NNLO results down to xB values of 0.4, say, as for both line
shape and normalization. The NNLO description does
somewhat better at lower values of xB, which explains
the lower value of χ2globalðpÞ=DOF in Table I. The failure of
the theoretical descriptions in the small-xB regime is, of
course, a direct consequence of the small-xB cuts applied.
For better visibility, we present the information con-

tained in Fig. 3 as data over theory plots in Fig. 4, one for
each experiment. Specifically, the experimental data are in
turn normalized to the NLO and NNLO central values. As
already explained above, the NLO and NNLO uncertainty
bands are very similar. As already visible in Fig. 3, the

TABLE II. Values of the fit parameters in Eq. (4) obtained at
NLO and NNLO.

Order Nb αb βb

NLO 2575.014 15.424 2.394
NNLO 1805.896 14.168 2.341

FIG. 1. Line shapes of zDB
bðz; μ0Þ with μ0 ¼ 4.5 GeV at NLO

(green dashed line) and NNLO (red dot-dashed line) and their
experimental uncertainty bands (green and red hatched areas).
The KKSS result [18] (blue solid line) is shown for comparison.

TABLE I. Numbers Ndata
n of data points from dataset n included

in the NLO and NNLO fits and normalization factors N n and χ2n
values thus obtained; total number of data points; χ2globalðpÞ
values; and χ2globalðpÞ=DOF values.

Collaboration Ndata
n N NLO

n N NNLO
n χ2;NLOn χ2;NNLOn

ALEPH [19] 18 1.0008 1.0011 14.376 12.269
DELPHI [22] 8 0.9993 1.0058 7.535 15.377
OPAL [20] 15 0.9951 0.9958 35.594 20.002
SLD [21] 18 1.0030 0.9996 25.675 14.195
Total 59 83.180 61.844
χ2globalðpÞ=DOF 1.485 1.104

MARAL SALAJEGHEH et al. PHYS. REV. D 99, 114001 (2019)
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MMHT14 [54] PDFs, instead, gives a difference of
≈2%–5%, which is insignificant on the scale of the
experimental uncertainties of the asymmetries. The Δuþ
and Δdþ PDFs, which are determined largely by the
inclusive DIS data, are similar to those in the JAM15
analysis [5], giving only marginally harder distributions at
large x values. The difference in the magnitudes of Δdþ at
x ∼ 0.2 arises from anticorrelation with Δsþ; since the
latter is less negative, it requires some compensation to
describe the DIS observables.
Unlike inclusive DIS, the SIDIS observables can, in

principle, discriminate between different quark and anti-
quark flavors, and in Fig. 1 we also show the light sea quark
polarizations for the isoscalar and isovector combinations,
Δū" Δd̄. Our results suggest a slightly positive isovector
sea polarization in the range x ≈ 0.01–0.1, with the iso-
scalar combination more consistent with zero. This is
similar to the expectations in some nonperturbative models
[55,56] that predict larger isovector than isoscalar sea
polarization, as well as in recent lattice simulations
[57,58]. The signal is relatively weak, however, and can
be attributed to several π" and K" SIDIS data sets that
marginally favor a nonzero sea polarization.
An example of this is illustrated in Fig. 2 for the

COMPASS π− asymmetry [52], which, because of the
valence (ūd) structure of the π−, is the most sensitive
observable to ū polarization. Comparing the fitted proton
Aπ−
1p asymmetry with that obtained by setting Δū¼Δd̄¼0,

the difference is rather small but noticeable for x≲ 0.1,
where the asymmetry with the unpolarized sea lies at the
edge of the1σ envelope of the full result. Similar effects are
found for other SIDIS asymmetries that depend explicitly
on Δū or Δd̄. The results are also qualitatively similar to
those found in the DSSV09 global analysis [10], although
the magnitude of the sea quark asymmetries here is
somewhat smaller.
For the strange quark polarization, the results in Fig. 1

suggest that Δsþ is small at all x, albeit within relatively
large uncertainties. While consistent with zero within 1σ,
there does appear some indication of a positive Δsþ at
x ≈ 0.1. This can be attributed directly to the HERMES

deuteron K− production data [50], illustrated in Fig. 2.
Since Δs is weighted by the (large) favored DK−

s FF, the
AK−

1d asymmetry is most sensitive to strange quark polari-
zation. In contrast, Kþ production, which is sensitive toΔs̄,
is dominated by the much larger Δu PDF weighted by the
favored DKþ

u .
Compared with the full result, the asymmetry computed

with a negative Δsþ, as in the JAM15 analysis of inclusive
DIS [5], gives a significantly worse fit to the HERMES AK−

1d
data, with χ2 increasing from 5.7 to 18.5 for 9 data points.
A similar effect is seen for the COMPASS K− data on
protons (deuterons), which prefer a non-negative strange-
ness, with χ2 increasing from 4.8 to 9.0 (12.0–18.5) for
12 (10) data points.
In addition to Δsþ, we also explored the sensitivity to a

nonzero strange–antistrange asymmetry, Δs−. While most
global PDF analyses assume Δs ¼ Δs̄, a nonzero asym-
metry is expected from chiral symmetry breaking in
QCD [59–61]. In principle, the availability of precise
K" SIDIS data could discriminate between s and s̄
polarization; however, as Fig. 1 illustrates, the current
experimental errors render extraction of a nonzero Δs−
signal impractical.
Of course, preference for a positive or negative strange-

ness depends rather strongly on the FFs used in the
evaluation of the asymmetry [6,12,13]. The solution to
this problem is to simultaneously determine both PDFs and
FFs, as we seek to do here. The results for the FFs extracted
from the combined fit are displayed in Fig. 3 for the most
relevant quark flavors fragmenting to πþ and Kþ, at a scale
Q2 ¼ 5 GeV2 appropriate for the SIDIS data.
For the pion, theDπþ

uþ FF is relatively well constrained by
the SIA data, compared with the unfavored Dπþ

ū . The πþ

FFs are also similar to those from the previous JAM
analysis of SIA data [14], as well as from other para-
metrizations [62,63]. For kaons, the uncertainties for the
favored DKþ

uþ and unfavored DKþ
s are generally larger

because of the lower precision of the K data.

FIG. 2. Semi-inclusive polarization asymmetries Aπ−
1p from

COMPASS [52] (left) and AK−

1d from HERMES [50] (right)
compared with the full JAM17 fit (red curves and band) and
with the result assuming Δq̄≡ Δū ¼ Δd̄¼ 0 (for Aπ−

1p) and the
(negative) Δsþ from JAM15 [5] (for AK−

1d).

FIG. 3. Fragmentation functions zDh
q to πþ (left panel) and Kþ

(right panel) for uþ (blue), ū (green), sþ (red), and s (grey) at
Q2 ¼ 5 GeV2 for the JAM17 analysis. Random samples of 50
posteriors are shown with the mean and variance, and compared
with the sþ → Kþ FFs from DSS [62] (dashed curve) and HKNS
[63] (dotted curve).

PRL 119, 132001 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

29 SEPTEMBER 2017

132001-3

[PRL	119,	132001	(2017)]	
[PRD	99,	114001	(2019)]	
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is the TMD PDF of unpolarized partons with flavor a in an unpolarized 
proton, carrying longitudinal momentum fraction x and transverse 
momentum k⊥ 

is the TMD FF describing the fragmentation of an unpolarized parton 
with flavor a into an unpolarized hadron h carrying longitudinal 
momentum fraction z and transverse momentum P⊥ 

4

nucleon

hadron

quark

photon

k

Ph

q

k�

k�

PhT

P�

p

� zk�

q

FIG. 1: Diagram describing the relevant momenta involved in a semi-inclusive DIS event (see also Ref. [38]): a virtual photon
(defining the reference axis) strikes a parton inside a proton. The parton has a transverse momentum k? (not measured). The
struck parton fragments into a hadron, which acquires a further transverse momentum P? (not measured). The total measured
transverse-momentum of the final hadron is PhT . When Q2 is very large, the longitudinal components are all much larger than
the transverse components. In this regime, PhT ⇡ zk? + P?.

In these approximations (↵0
S and NLL), only the first term in Eq. (6) is relevant (often in the literature this has been

called W term). We expect this term to provide a good description of the structure function only in the region where
P 2
hT ⌧ Q2. It can happen that YUU,T , defined in the standard way (see, e.g., Ref. [31]), gives large contributions also

in this region, but it is admissible to redefine it in order to avoid this problem [25]. We leave a detailed treatment of
the matching to the high P 2

hT ⇡ Q2 region to future investigations.
To the purpose of applying TMD evolution equations, we need to calculate the Fourier transform of the part of

Eq. (6) involving TMDs. The structure function thus reduces to

FUU,T (x, z,P
2
hT , Q

2) ⇡ 2⇡
X

a

e2ax

Z 1

0
d⇠T ⇠TJ0

�
⇠T |PhT |/z

�
f̃a
1

�
x, ⇠2T ;Q

2
�
D̃a~h

1

�
z, ⇠2T ;Q

2
�
. (7)

where we introduced the Fourier transforms of the TMD PDF and FF according to

f̃a
1

�
x, ⇠2T ;Q

2
�
=

Z 1

0
d|k?||k?|J0

�
⇠T |k?|

�
fa
1

�
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?;Q
2
�
, (8)

D̃a~h
1

�
z, ⇠2T ;Q

2
�
=

Z 1

0

d|P?|
z2

|P?|J0
�
⇠T |P?|/z

�
Da~h

1

�
z,P 2

?;Q
2
�
. (9)

B. Drell–Yan and Z production

In a Drell–Yan process, two hadrons A and B with momenta PA and PB collide at a center-of-mass energy squared
s = (PA + PB)2 and produce a virtual photon or a Z boson plus hadrons. The boson decays into a lepton-antilepton
pair. The reaction formula is

A(PA) +B(PB) ! [�⇤/Z +X !]`+(l) + `�(l0) +X. (10)

The invariant mass of the virtual photon is Q2 = q2 with q = l+ l0. We introduce the rapidity of the virtual photon/Z
boson

⌘ =
1

2
log

✓
q0 + qz
q0 � qz

◆
. (11)

where the z direction is defined along the momentum of hadron A (see Fig. 2).
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The space-like momentum transfer is q = l � l0, with Q2 = �q2. We introduce the usual invariants

x =
Q2

2P · q , y =
P · q
P · l , z =

P · Ph

P · q , � =
2Mx

Q
. (2)

The available data refer to SIDIS hadron multiplicities, namely to the di↵erential number of hadrons produced per
corresponding inclusive DIS event. In terms of cross sections, we define the multiplicities as

mh
N (x, z, |PhT |, Q2) =

d�h
N/(dxdzd|PhT |dQ2)

d�DIS/(dxdQ2)
, (3)

where d�h
N is the di↵erential cross section for the SIDIS process and d�DIS is the corresponding inclusive one, and

where PhT is the component of Ph transverse to q (we follow here the notation suggested in Ref. [26]). In the
single-photon-exchange approximation, the multiplicities can be written as ratios of structure functions (see Ref. [8]
for details):

mh
N (x, z, |PhT |, Q2) =

2⇡ |PhT |FUU,T (x, z,P 2
hT , Q

2) + 2⇡"|PhT |FUU,L(x, z,P 2
hT , Q

2)

FT (x,Q2) + "FL(x,Q2)
, (4)

where

" =
1 � y � 1

4�
2y2

1 � y + 1
2y

2 + 1
4�

2y2
. (5)

In the numerator of Eq. (4) the structure function FXY,Z corresponds to a lepton with polarization X scattering on
a target with polarization Y by exchanging a virtual photon in a polarization state Z. In the denominator, only the
photon polarization is explicitly written (T , L), as usually done in the literature.

The semi-inclusive cross section can be expressed in a factorized form in terms of TMDs only in the kinematic limits
M2 ⌧ Q2 and P 2

hT ⌧ Q2. In these limits, the structure function FUU,L of Eq. (4) can be neglected [27]. The structure
function FL in the denominator contains contributions involving powers of the strong coupling constant ↵S at an order
that goes beyond the level reached in this analysis; hence, it will be consistently neglected (for measurements and
estimates of the FL structure function see, e.g., Refs. [28, 29] and references therein).

To express the structure functions in terms of TMD PDFs and FFs, we rely on the factorized formula for SIDIS [2,
30–37] (see Fig. 1 for a graphical representation of the involved transverse momenta):

FUU,T (x, z,P
2
hT , Q

2) =
X

a

Ha
UU,T (Q

2) (6)

⇥ x

Z
d2k? d2P? fa
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�
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?;Q
2
�
Da~h
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z,P 2

?;Q
2
�
�(2)

�
zk? � PhT + P?

�

+ YUU,T

�
Q2,P 2

hT

�
+ O

�
M2/Q2

�
.

Here, HUU,T is the hard scattering part; fa
1 (x,k

2
?;Q

2) is the TMD PDF of unpolarized partons with flavor a in an
unpolarized proton, carrying longitudinal momentum fraction x and transverse momentum k?. The Da~h

1 (z,P 2
?;Q

2)
is the TMD FF describing the fragmentation of an unpolarized parton with flavor a into an unpolarized hadron h
carrying longitudinal momentum fraction z and transverse momentum P? (see Fig. 1). TMDs generally depend on
two energy scales [2], which enter via the renormalization of ultraviolet and rapidity divergencies. In this work we
choose them to be equal and set them to Q2. The term YUU,T is introduced to ensure a matching to the perturbative
fixed-order calculations at higher transverse momenta.

In our analysis, we neglect any correction of the order of M2/Q2 or higher to Eq. (6). At large Q2 this is well
justified. However, fixed-target DIS experiments typically collect a large amount of data at relatively low Q2 values,
where these assumptions should be all tested in future studies. The reliability of the theoretical description of SIDIS
at low Q2 has been recently discussed in Refs. [39, 40].

Eq. (6) can be expanded in powers of ↵S . In the present analysis, we will consider only the terms at order ↵0
S . In this

case Ha
UU,T (Q

2) ⇡ e2a and YUU,T ⇡ 0. However, perturbative corrections include large logarithms L ⌘ log
�
z2Q2/P 2

hT

�
,

so that ↵SL ⇡ 1. In the present analysis, we will take into account all leading and Next-to-Leading Logarithms (NLL).1

1 We remark that formulas at NNLL are available in the literature [41].
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Transverse-momentum dependent (TMD) FFs: 

At present people are interested in this function 
mainly because in SIDIS it couples to the 
transversity PDF. 

In addition to the z dependence, the dependence 
on PT is considered, where PT is the transverse 
momentum of the detected hadron. 
 
Significant experimental and theoretical efforts 
have been focused on the intrinsic transverse 
momentum dependence of the FFs.  
 
 
 
 
 

4

PhT

Ph

n

e+

e�

FIG. 1. Illustration of transverse-momentum-dependent sin-
gle hadron fragmentation where the final-state hadron is de-
picted as a red arrow, the incoming leptons as blue arrows,
and the event plane – spanned by leptons (blue lines) and ini-
tial quarks/thrust axis n (purple line) – is depicted as a light
blue plane. The transverse momentum PhT is calculated rel-
ative to the thrust axis and depicted by the red, dashed line.

tector at the KEKB asymmetric-energy e+e� (3.5 GeV
on 8 GeV) collider [33, 34] operating at the ⌥(4S) res-
onance (denoted as on-resonance), as well as a smaller
data set taken 60 MeV below for comparison (denoted as
continuum).

The Belle detector is a large-solid-angle magnetic spec-
trometer that consists of a silicon vertex detector (SVD),
a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement
of time-of-flight scintillation counters, and an electromag-
netic calorimeter comprised of CsI(Tl) crystals located
inside a superconducting solenoid coil that provides a
1.5 T magnetic field. An iron flux-return located outside
of the coil is instrumented to detect K0

L mesons and to
identify muons. The detector is described in detail else-
where [35, 36]. A 1.5 cm beampipe with 1 mm thickness
and a 4-layer SVD and a small-cell inner drift chamber
were used to record 558 fb�1 [37].

The primary light (uds)- and charm-quark simulations
used in this analysis were generated using pythia6.2
[38], embedded into the EvtGen [39] framework, followed
by a geant3 [40] simulation of the detector response.
The various MC samples were produced separately for
light (uds) and charm quarks, and on the generator level
several JETSET[41] settings were produced in order to
study their impact. For generator level MC to data
comparisons, long-lived weak decays, which normally are
handled in geant, were allowed in EvtGen. In addition,
we generated charged and neutral B meson pairs from
⌥(4S) decays in EvtGen, ⌧ pair events with the KKMC
[42, 43] generator and the Tauola [44] decay package,
and other events with either pythia or dedicated gener-
ators [45] such as for two-photon processes.

A. Event and track selection

The goal of this analysis is to extract hadron cross
sections from uds and charm pair events. Therefore
events are required to have a visible energy of all de-
tected charged tracks and neutral clusters above 7 GeV
(to remove ⌧ pair events) and either a heavy-jet mass
(the greater of the invariant masses of all particles in
a hemisphere as generated by the plane perpendicular
to the thrust axis) above 1.8 GeV/c2 or a ratio of the
heavy-jet mass to visible energy above 0.25. Also, events
need to have at least three reconstructed charged tracks,
which reduces two-photon processes. The thrust value
is calculated as descibed above, where all detected par-
ticles and neutral clusters are included. For the charged
particles, the mass hypothesis for the identified particle
type is taken into account when boosting into the CMS.
The thrust axis is required to point into the barrel part
of the detector by having a z component |n̂z| < 0.75 in
order to reduce the amount of thrust-axis smearing due
to undetected particles in the forward/backward regions.
Tracks are required to be within 4 cm (2 cm) of the
interaction point along (perpendicular to) the positron
beam axis. Each track is required to have at least three
SVD hits and fall within the polar-angular acceptance of
�0.511 < cos ✓lab < 0.842 in order to have PID infor-
mation from all relevant PID detectors. The fractional
energy of each track is required to exceed 0.1 and the
transverse momentum with respect to the thrust axis is
then calculated in the CMS as illustrated in Fig. 1. Also a
minimum transverse momentum in the laboratory frame
with respect to the beam axis of 100 MeV/c is imposed
to ensure the particles traverse the magnetic field.

B. PID selection

To apply the PID correction according to the PID e�-
ciency matrices used in previous results [46], the same se-
lection criteria are applied first to define a charged track
as a pion, kaon, proton, electron or muon. This informa-
tion is determined from normalized likelihood ratios that
are constructed from various detector responses. If the
muon-hadron likelihood ratio is above 0.9, the track is
identified as a muon. Otherwise, if the electron-hadron
likelihood ratio is above 0.85, the track is identified as an
electron. If neither of these applies, the track is identified
as a kaon by a kaon-pion likelihood ratio above 0.6 and a
kaon-proton likelihood ratio above 0.2. Pions are identi-
fied with the kaon-pion likelihood ratio below 0.6 and a
pion-proton ratio above 0.2. Finally, protons are identi-
fied with kaon-proton and pion-proton ratios below 0.2.
Here, and in the remaining sections of this presentation,
protons will refer to combinations of protons and anti-
protons unless the charge is explicitly mentioned. While
neither muons nor electrons are considered explicitly for
the single hadron analysis, they are retained as necessary
contributors for the PID correction, wherein a certain

H
✏

q U L T

U Dh/q
1 H?h/q

1

L Gh/q
1 H?h/q

1L

T D?h/q
1T Gh/q

1T Hh/q
1 H?h/q

1T

Table 1: Interpretation of TMD FFs for
quarks. The colums indicate the quark po-
larization — unpolarized (U), longitudinally
polarized (L), transversely polarized (T). The
rows indicate the hadron prolarization.

H
✏

g U Circ Lin

U Dh/g
1 H?h/g

1

L Gh/g
1 H?h/g

1L

T D?h/g
1T Gh/g

1T Hh/g
1 H?h/g

1T

Table 2: Interpretation of TMD FFs for glu-
ons. The colums indicate the gluon polariza-
tion — unpolarized (U), circularly polarized
(Circ), linearly polarized (Lin). The rows in-
dicate the hadron prolarization.

this FF is the number density for finding an unpolarized hadron with momentum P�
h = zk� inside an

unpolarized quark with longitudinal momentum k� [10, 12]. This interpretation can be generalized to

include the transverse momentum PhT of the hadron, that is, to the case of the TMD FF Dh/q
1 (z, ~P 2

hT ).
(Discussion on complications of the density interpretation in a gauge theory like QCD, that are related
to UV divergences and other issues, can be found in [12] — see also Refs. [116, 86].) One can further
extend the analysis by including the polarization of the parton and of the hadron. In general, the
polarization of the quark is determined by the gamma matrix used in (11). To be specific, one has the
following list:

• � = ��: unpolarized quarks

• � = ���5: longitudinally polarized quarks

• � = i�i��5: transversely polarized quarks

In the case of gluons, the projections in Eqs. (32), (33), (34) correspond to unpolarized gluons, circularly
polarized gluons, and linearly polarized gluons, respectively. This information about parton polariza-
tion, combined with the hadron polarization that shows up on the r.h.s. of Eqs. (38)-(40) and (46)-(48),
one immediately finds the interpretation of the TMD FFs which is summarized in Tab. 1 and Tab. 2.
Here one has to keep in mind that if polarization of the parton and/or hadron is involved the respec-
tive FF actually corresponds to di↵erences of densities, and therefore it can become negative. To give
just one example, the entire r.h.s. of Eq. (38) describes the density of transversely polarized spin-1/2
hadrons inside an unpolarized quark, while D?

1T describes the di↵erence of two densities with opposite
spin orientations of the hadron. Note that the probability densities also contain the prefactors of the
TMD FFs in (38)-(40) and (46)-(48).

Though three-parton FFs are not probability densities one can still elaborate on their interpretation,
at least for some of these functions. Here we just focus on the function Ĥh/q,=

FU discussed in Sec. 2.1.3.
We consider the component i of the average transverse momentum of an unpolarized hadron inside a
transversely polarized quark with polarization along the j direction. In a model-independent way this
is given by

hP i
hT (z)ijUT =

X

Sh

Z
d2 ~PhT P i

hT �h/q [i�j��5](z,~kT ; Ph, Sh)

= � "ijT zMh H?(1)h/q
1 (z) (76)

where we use the correlator from Eq. (40) and H?(1)h/q
1 (z) as defined in (44). If one now takes into ac-

count the relation in Eq. (58) one obtains a connection between that average transverse momentum and

the three-parton FF Ĥh/q,=
FU . This connection is similar to relations one has on the side of PDFs. There,
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Important role in the future electron-ion collider 
to pin down the transverse momentum structure 
of the nucleon and its transverse spin. 
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Integrated FFs: Integrated FF is the number density for finding an unpolarized 
hadron with momentum Ph = zk inside an unpolarized quark with 
longitudinal momentum k. 

q(k)

h(Ph, Sh)

Figure 3: Representation of the correlator �h/q in (8), which describes the fragmentation of a quark
into a hadron. The figure contains no reference to the Wilson lines.

which of course also covers the important case of fragmentation into spin-0 hadrons. In the case of
DiFFs we only consider spin-0 hadrons. Work on the classification of FFs for spin-1 hadrons can be
found in [72, 73, 74].

2.1.1 Definition of integrated FFs

We begin with the field-theoretic definition of integrated FFs for quarks, antiquarks, and gluons. Let
us first specify the kinematics of the final-state hadron and the fragmenting parton. The hadron is
characterized by its 4-momentum Ph and the covariant spin vector Sh, while k denotes the momentum
of the parton. In a reference frame in which the hadron has no transverse momentum one can write

Ph = (P+
h , P�

h ,~0T ) =

✓
M2

h

2P�
h

, P�
h ,~0T

◆
, (4)

Sh = (S+
h , S�

h , ~ShT ) =

✓
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h

, ⇤h
P�
h

Mh
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◆
, (5)

k = (k+, k�,~kT ) =
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z

k2 + ~k 2
T

2P�
h

,
P�
h

z
,~kT

◆
, (6)

where Mh is the mass of the hadron, while ⇤h and ~ST describes longitudinal and transverse polarization
of the hadron, respectively. (We use a± = (a0

± a3)/
p

2 for the light-cone plus- and minus-components
of a generic 4-vector a.) Obviously one has P 2

h = M2
h , Ph ·Sh = 0, and S2

h = �⇤2
h� ~S2

hT . We assume that
both the parton and the hadron have a large minus-momentum, with the hadron carrying the fraction
z of the parton’s momentum. For later convenience we also introduce two light-like vectors through

n = (n+, n�,~nT ) = (0, 1,~0T ) , n̄ = (n̄+, n̄�, ~̄nT ) = (1, 0,~0T ) , (7)

which satisfy n2 = n̄2 = 0 and n · n̄ = 1. This definition implies n · a = a+ and n̄ · a = a� for a generic
4-vector a. Note that, upon neglecting mass e↵ects, one has Ph = P�

h n.
It is well known that ordinary FFs are specified through (bilocal) fragmentation correlators, where

for integrated FFs one deals with light-cone correlators. (See Fig. 3 for a representation of the quark-
quark (qq) fragmentation correlator.) In the case of a quark with flavor q fragmenting into a hadron h
the field-theoretic expression of the fragmentation correlator reads [10, 65, 67, 12]

�h/q(z; Ph, Sh) =
X

X

Z Z
d⇠+

2⇡
eik

�⇠+
h0| W(1+, ⇠+) q(⇠
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+, 0�,~0T ) W(0+, 1+) |0i , (8)
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Figure 3: Representation of the correlator �h/q in (8), which describes the fragmentation of a quark
into a hadron. The figure contains no reference to the Wilson lines.
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It is well known that ordinary FFs are specified through (bilocal) fragmentation correlators, where

for integrated FFs one deals with light-cone correlators. (See Fig. 3 for a representation of the quark-
quark (qq) fragmentation correlator.) In the case of a quark with flavor q fragmenting into a hadron h
the field-theoretic expression of the fragmentation correlator reads [10, 65, 67, 12]

�h/q(z; Ph, Sh) =
X

X

Z Z
d⇠+

2⇡
eik

�⇠+
h0| W(1+, ⇠+) q(⇠

+, 0�,~0T ) |Ph, Sh; Xi

⇥ hPh, Sh; X|  ̄q(0
+, 0�,~0T ) W(0+, 1+) |0i , (8)

with
X

X

Z
⌘

X

X

Z
d3 ~PX

(2⇡)3 2P 0
X

.

7

The light-cone singualrities, plus a proper treatment of leading-twist soft-gluon e↵ects, necessitate some
modification of the TMD correlator in (35). However, these issues have no influence on the main focus
of this subsection, namely the classification of TMD FFs. We briefly come back to this discussion in
Sec. 2.7.2.

In the TMD case, the Dirac traces defined in (11) are parameterized in terms of eight leading-twist
FFs according to [10, 27, 65, 75, 82, 67, 12, 79]

�h/q [��](z,~kT ; Ph, Sh) = Dh/q
1 (z, z2~k 2

T ) +
"ijT ki

T Sj
hT

Mh
D?h/q

1T (z, z2~k 2
T ) , (38)

�h/q [���5](z,~kT ; Ph, Sh) = ⇤h Gh/q
1L (z, z2~k 2

T ) +
~kT · ~ShT

Mh
Gh/q

1T (z, z2~k 2
T ) , (39)

�h/q [i�i��5](z,~kT ; Ph, Sh) = Si
hT Hh/q

1T (z, z2~k 2
T ) �

"ijT kj
T

Mh
H?h/q

1 (z, z2~k 2
T )

+
ki
T

Mh

✓
⇤h H?h/q

1L (z, z2~k 2
T ) +

~kT · ~ShT

Mh
H?h/q

1T (z, z2~k 2
T )

◆
. (40)

The FF D?h/q
1T and the Collins function H?h/q

1 are näıve T-odd. Also, note that the density inter-
pretation of FFs is typically understood in a frame of reference in which the fragmenting parton has
no transverse momentum, and the hadron has the transverse momentum ~PhT . One can show that
~PhT = �z~kT [10], and therefore z2~k 2

T = ~P 2
hT .

Integrating the qq correlator in (35) upon kT one obtains the correlator in (8). This provides the
following relations between the integrated FFs and the TMD FFs,

Dh/q
1 (z) = z2

Z
d2~kT Dh/q

1 (z, z2~k 2
T ) =

Z
d2 ~PhT Dh/q

1 (z, ~P 2
hT ) , (41)

Gh/q
1 (z) = z2

Z
d2~kT Gh/q

1L (z, z2~k 2
T ) , (42)

Hh/q
1 (z) = z2

Z
d2~kT


Hh/q

1T (z, z2~k 2
T ) +

~k 2
T

2M2
h

H?h/q
1T (z, z2~k 2

T )

�
. (43)

A few comments are in order at this point. The aforementioned light-cone singularities in the TMD FFs
as defined above do cancel between real and virtual diagrams when performing the kT integral, which
implies that the integrated FFs are free of such divergences [10, 86]. On the other hand, if one first
regularizes the light-cone singularities of TMD FFs, and afterwards performs the kT integration one no
longer has simple relations of the type (41)-(43) — see for instance [88, 12]. Moreover, the transverse
momentum integrals in (41)-(43) contain UV divergences. We understand that UV divergences on the
l.h.s. and on the r.h.s. of these equations are dealt with in exactly the same manner.

For later convenience we also define the following kT moments of a generic FF Xh/q,

X(n)h/q(z) = z2
Z

d2~kT

✓ ~k 2
T

2M2
h

◆n

Xh/q(z, z2~k 2
T ) . (44)

The case n = 1 for the functions D?h/q
1T , Gh/q

1T , H?h/q
1 , H?h/q

1L is of particular interest as these objects
can appear in certain twist-3 observables that are described in collinear factorization.

One defines TMD FFs for antiquarks as in the case of integrated FFs by using the TMD counterpart
of the correlator in Eq. (26) and the relations (27), (28) which also hold in the TMD case.

12



14	Maryam	Soleymaninia	

The possibilities for finding a 
hadron produced from transversely 
polarized quark: 

The Collins FF H1
q describes a correlation between 

the transverse polarization of the fragmenting 
quark and the transverse momentum of the 
produced unpolarized hadron 
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Parton Fragmentation Functions
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Abstract: This contribution gives an overview of the field of fragmentation functions. The
emphasis is on recent experimental results on light quarks and gluons fragmenting into light hadrons.
Some possibilities for the study of fragmentation functions at a future FCC-ee are discussed.

Introduction

Perturbative QCD can be used to describe many high energy scattering processes. In most cases
factorization theorems enable a separation of the respective cross-sections into parts dominated
by short distances, which are perturbatively calculable and long distance parts which have to be
measured experimentally [1].

If hadrons in the final state are identified, the non-perturbative functions describing the formation
of these colorless bound final states are called fragmentation functions (FFs). For a more in
depth overview of this field and a detailed list of available datasets and experimental results, see
our recent review [2]. The study of fragmentation functions is complementary to the study of
parton distribution functions (PDFs), which describe the initial state long distance behaviour of
the collisions, i.e. the structure of the hadronic systems before the scattering. At variance to PDFs,
FFs cannot be computed on the lattice, a challenge which is rooted in the di�culty to integrate
over the spectators in the final state. Since FFs describe the formation of colorless bound states
from colored partons they are conceptually a consequence of color confinement, one of the most
intriguing problems in QCD.

In the following we will concentrate on leading twist (twist 2) FFs which have a probabilistic
interpretation. For the exact field theoretic definition see again [2]. Here we will just give a

working definition. The integrated fragmentation function Dh/q

1 (z) gives the probability that a
quark q fragments into hadron h with h carrying the fraction z of the parent parton momentum.
The subscript indicates here the leading twist and the superscript might be omitted if the meaning
is otherwise clear. The definition is chosen such that the cross-section for semi-inclusive hadron
production can be written using QCD factorization theorems as �(lp ! lhX) =

P
q
e2
qf

q/p

1 ⌦ Dh/q

1

for Semi-Inclusive Deep-Inelastic Scattering (SIDIS), and �(pp ! hX) =
P

i,j,k
f i/pa

1 (xa)f
j/pb

1 (xb)⌦

Dh/k

1 for pp and �(e+e�
! hX) =

P
e2
qD

h/q

1 (z) for single-inclusive annihilation.

H
✏

q U L T

U Dh/q

1 H? h/q

1

L Gh/q

1 H? h/q

1L

T D? h/q

1T
Gh/q

1T
Hh/q

1 H? h/q

1T

Table 1: Interpretation of FFs for quarks, see text for more details. The columns indicate

the quark polarization — unpolarized (U), longitudinally polarized (L), transversely polarized

(T). The rows indicate the hadron polarization.

7

If the transverse-momentum (kT ) dependence of fragmentation functions is 
considered, there are eight types of functions, defined by the correlations among 
the hadronic and partonic spin vectors and transverse-momentum vectors they 
represent. 

Di/h: unpolarized TMD fragmentation functions 
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Process Quantity Remarks
Integrated FF D1(z)

e+e� ! hX
P

q e2qD
h/q
1 (z)

e+e� ! hahbX
P

q e2qD
ha/q
1 (za)D

hb/q̄
1 (zb) + {q $ q̄}

back-to-back production
of hadron pair

`p ! `hX
P

q e2qf
q/p
1 (x)Dh/q

1 (z)

pp ! hX
P

i,j,k f i/pa
1 (xa) ⌦ f j/pb

1 (xb) ⌦ Dh/k
1 (z) cannot access z

pp ! �hX
P

i,j,k f i/pa
1 (xa) ⌦ f j/pb

1 (xb) ⌦ Dh/k
1 (z)

back-to-back production
of hadron with direct �

pp ! (h, jet)X
P

i,j,k f i/pa
1 (xa) f j/pb

1 (xb) Dh/k
1 (z)

hadron in jet:
can access z

TMD FF D1(z, kT )

e+e� ! hahbX
P

q e2qD
ha/q
1 (za, kaT ) ⌦ Dhb/q̄

1 (zb, kbT )
+{q $ q̄}

back-to-back production
of hadron pair

pp ! hahbX

P
i,j,k,l f

i/pa
1 (xa, paT ) ⌦ f j/pb

1 (xb, pbT )

⌦Dha/k
1 (za, kaT ) ⌦ Dhb/l

1 (zb, kbT )

back-to-back production
of hadron pair

pp ! �hX

P
i,j,k f i/pa

1 (xa, paT ) ⌦ f j/pb
1 (xb, pbT )

⌦Dh/k
1 (z, kT )

back-to-back production
of hadron with direct �

e+e� !

(h, jet/thrust axis)X

P
q e2qD

h/q
1 (z, kT ) can access z, kT

`p ! `hX
P

q e2qf
q/p
1 (x, pT ) ⌦ Dh/q

1 (z, kT )

pp ! (h, jet)X
P

i,j,k f i/pa
1 (xa) f j/pb

1 (xb) Dh/k
1 (z, kT )

hadron in jet:
can access z, kT

TMD FF H?
1 (z, kT )

e+e� ! hahbX
P

q e2qH
?ha/q
1 (za, kaT ) ⌦ H?hb/q̄

1 (zb, kbT )
+{q $ q̄}

back-to-back production
of hadron pair

`p" ! `hX
P

q e2qh
q/p
1 (x, pT ) ⌦ H?h/q

1 (z, kT )

p"p ! (h, jet)X
P

i,j,k hi/pa
1 (xa) f j/pb

1 (xb) H?h/k
1 (z, kT )

hadron in jet:
can access z, kT

Twist-3 FFs

`p" ! hX
P

q e2qh
q/p
1 (x) {Hh/q, H?(1)h/q

1 , Ĥh/q,=
FU } + . . .

~̀p" ! hX
P

q e2qh
q/p
1 (x) Eh/q + . . .

p"p ! hX

P
i,j,k hi/pa

1 (xa) ⌦ f j/pb
1 (xb)

⌦ {Hh/k, H?(1)h/k
1 , Ĥh/k,=

FU } + . . .

Di-hadron FFs

e+e� ! (h1, h2)X
P

q e2qD
h1h2/q
1 (z, Mh)

for large Mh

also Dh/i
1 (z) contribute

e+e� !

(ha1, ha2) (hb1, hb2)X

P
q e2qD

ha1ha2/q
1 (za, Mha) Dhb1hb2/q̄

1 (zb, Mhb)
+{q $ q̄}P

q e2qH
ha1ha2/q

1 (za, Mha) H hb1hb2/q̄
1 (zb, Mhb)

+{q $ q̄}P
q e2qG

?ha1ha2/q
1 (za, Mha) G?hb1hb2/q̄

1 (zb, Mhb)
+{q $ q̄}

back-to-back production
of di-hadron pair

Continued on next page

27

At	present	
just	TASSO	

and	Belle	data	

HERMES	and	
COMPASS	
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13

hadron plane

lepton plane

Ph⊥

θ
Ph1Ph2

φ0

z
x

FIG. 2. e+ + e− → h1 + h2 +X process in the frame of method (2).

hadron h2 and the lepton pair (see Fig. 2), and Ph⊥ is the transverse momentum of hadron h1 in this frame. We can
rewrite the contribution corresponding to Zh1h2

collins in Eq. (76) in the following form:

sin2 θ cos(2φ0)Z
h1h2

collins = sin2 θ
(
2êαx ê

β
x − gαβ⊥

)
Zh1h2 αβ
collins , (77)

where the unit vector êx represents the transverse direction of the hadron in the hadron frame and is defined in Fig. 2.
The tensor structure of this term leads to a cos 2φ0 azimuthal asymmetries between the two hadrons.
The structure functions Zh1h2

uu and Zh1h2

collins have the following form ,

Zh1h2
uu (Q;Ph⊥) =

1

z2h1

∫
d2b

(2π)2
eiP⃗h⊥ ·⃗b/zh1 Z̃h1h2

UU (Q; b) + Yuu(Q;Ph⊥) , (78)

Zh1h2 αβ
collins (Q;Ph⊥) =

1

z2h1

∫
d2b

(2π)2
eiP⃗h⊥ ·⃗b/zh1 Z̃h1h2 αβ

collins (Q; b) + Y αβ
collins(Q;Ph⊥) , (79)

where the first term depends on the TMD fragmentation functions for the two hadrons and dominates in Ph⊥/zh1 ≪ Q
region, and the second term dominates in the region of Ph⊥/zh1 >∼ Q. For cos 2φ0 asymmetries, we have an additional
contribution from gluon radiation [86] associated with spin-averaged fragmentation functions. This contribution does
not depend on the Collins fragmentation function, and is proportional to P 2

h⊥/Q
2. It will become important at

relatively large transverse momentum, and should be included in the above Y terms. However, in the following,
we only consider the low transverse momentum region Ph⊥ ≪ Q, where this contribution is power suppressed as
compared to the Collins contributions. In addition, in the experimental measurements, the double ratio of the cos 2φ
asymmetries are reported for di-hadron correlations in e+e− annihilations, where this contribution is cancelled out.
Therefore, in the following analysis, we will not include neither the contribution from gluon radiation independent of
Collins FF nor the Y term.

1. Experimentally measured Collins azimuthal asymmetries in e+e−

Let us now discuss the definitions of the asymmetries associated with Collins fragmentation functions in the actual
experimental measurements. Collins function generates cos 2φ0 modulation in the e+e− cross-section, let us rewrite
Eq. (76) as follows:

d5σe+e−→h1h2+X

dzh1dzh2d2Ph⊥d cos θ
=
πNcα2

em

2Q2
(1 + cos2 θ)Zh1h2

uu · Rh1h2(zh1, zh2, θ, Ph⊥) , (80)

Rh1h2(zh1, zh2, θ, Ph⊥) ≡ 1 + cos(2φ0)
sin2 θ

1 + cos2 θ

Zh1h2

collins

Zh1h2
uu

. (81)

One could also define analogously the Ph⊥-integrated modulation

Rh1h2(zh1, zh2, θ) ≡ 1 + cos(2φ0)
sin2 θ

1 + cos2 θ

∫
dPh⊥Ph⊥ Zh1h2

collins∫
dPh⊥Ph⊥ Zh1h2

uu
. (82)

The cleanest process can be achieved in e+e− annihilation because there is no 
contribution from transverse dependence of PDFs. 

Single or double inclusive electron positron annihilations 

Process Quantity Remarks
Integrated FF D1(z)

e+e� ! hX
P

q e2qD
h/q
1 (z)

e+e� ! hahbX
P

q e2qD
ha/q
1 (za)D

hb/q̄
1 (zb) + {q $ q̄}

back-to-back production
of hadron pair

`p ! `hX
P

q e2qf
q/p
1 (x)Dh/q

1 (z)

pp ! hX
P

i,j,k f i/pa
1 (xa) ⌦ f j/pb

1 (xb) ⌦ Dh/k
1 (z) cannot access z

pp ! �hX
P

i,j,k f i/pa
1 (xa) ⌦ f j/pb

1 (xb) ⌦ Dh/k
1 (z)

back-to-back production
of hadron with direct �

pp ! (h, jet)X
P

i,j,k f i/pa
1 (xa) f j/pb

1 (xb) Dh/k
1 (z)

hadron in jet:
can access z

TMD FF D1(z, kT )

e+e� ! hahbX
P

q e2qD
ha/q
1 (za, kaT ) ⌦ Dhb/q̄

1 (zb, kbT )
+{q $ q̄}

back-to-back production
of hadron pair

pp ! hahbX

P
i,j,k,l f

i/pa
1 (xa, paT ) ⌦ f j/pb

1 (xb, pbT )

⌦Dha/k
1 (za, kaT ) ⌦ Dhb/l

1 (zb, kbT )

back-to-back production
of hadron pair

pp ! �hX

P
i,j,k f i/pa

1 (xa, paT ) ⌦ f j/pb
1 (xb, pbT )

⌦Dh/k
1 (z, kT )

back-to-back production
of hadron with direct �

e+e� !

(h, jet/thrust axis)X

P
q e2qD

h/q
1 (z, kT ) can access z, kT

`p ! `hX
P

q e2qf
q/p
1 (x, pT ) ⌦ Dh/q

1 (z, kT )

pp ! (h, jet)X
P

i,j,k f i/pa
1 (xa) f j/pb

1 (xb) Dh/k
1 (z, kT )

hadron in jet:
can access z, kT

TMD FF H?
1 (z, kT )

e+e� ! hahbX
P

q e2qH
?ha/q
1 (za, kaT ) ⌦ H?hb/q̄

1 (zb, kbT )
+{q $ q̄}

back-to-back production
of hadron pair

`p" ! `hX
P

q e2qh
q/p
1 (x, pT ) ⌦ H?h/q

1 (z, kT )

p"p ! (h, jet)X
P

i,j,k hi/pa
1 (xa) f j/pb

1 (xb) H?h/k
1 (z, kT )

hadron in jet:
can access z, kT

Twist-3 FFs

`p" ! hX
P

q e2qh
q/p
1 (x) {Hh/q, H?(1)h/q

1 , Ĥh/q,=
FU } + . . .

~̀p" ! hX
P

q e2qh
q/p
1 (x) Eh/q + . . .

p"p ! hX

P
i,j,k hi/pa

1 (xa) ⌦ f j/pb
1 (xb)

⌦ {Hh/k, H?(1)h/k
1 , Ĥh/k,=

FU } + . . .

Di-hadron FFs

e+e� ! (h1, h2)X
P

q e2qD
h1h2/q
1 (z, Mh)

for large Mh

also Dh/i
1 (z) contribute

e+e� !

(ha1, ha2) (hb1, hb2)X

P
q e2qD

ha1ha2/q
1 (za, Mha) Dhb1hb2/q̄

1 (zb, Mhb)
+{q $ q̄}P

q e2qH
ha1ha2/q

1 (za, Mha) H hb1hb2/q̄
1 (zb, Mhb)

+{q $ q̄}P
q e2qG

?ha1ha2/q
1 (za, Mha) G?hb1hb2/q̄

1 (zb, Mhb)
+{q $ q̄}

back-to-back production
of di-hadron pair

Continued on next page
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Process Quantity Remarks
Integrated FF D1(z)

e+e� ! hX
P

q e2qD
h/q
1 (z)

e+e� ! hahbX
P

q e2qD
ha/q
1 (za)D

hb/q̄
1 (zb) + {q $ q̄}

back-to-back production
of hadron pair

`p ! `hX
P

q e2qf
q/p
1 (x)Dh/q

1 (z)

pp ! hX
P

i,j,k f i/pa
1 (xa) ⌦ f j/pb

1 (xb) ⌦ Dh/k
1 (z) cannot access z

pp ! �hX
P

i,j,k f i/pa
1 (xa) ⌦ f j/pb

1 (xb) ⌦ Dh/k
1 (z)

back-to-back production
of hadron with direct �

pp ! (h, jet)X
P

i,j,k f i/pa
1 (xa) f j/pb

1 (xb) Dh/k
1 (z)

hadron in jet:
can access z

TMD FF D1(z, kT )

e+e� ! hahbX
P

q e2qD
ha/q
1 (za, kaT ) ⌦ Dhb/q̄

1 (zb, kbT )
+{q $ q̄}

back-to-back production
of hadron pair

pp ! hahbX

P
i,j,k,l f

i/pa
1 (xa, paT ) ⌦ f j/pb

1 (xb, pbT )

⌦Dha/k
1 (za, kaT ) ⌦ Dhb/l

1 (zb, kbT )

back-to-back production
of hadron pair

pp ! �hX

P
i,j,k f i/pa

1 (xa, paT ) ⌦ f j/pb
1 (xb, pbT )

⌦Dh/k
1 (z, kT )

back-to-back production
of hadron with direct �

e+e� !

(h, jet/thrust axis)X

P
q e2qD

h/q
1 (z, kT ) can access z, kT

`p ! `hX
P

q e2qf
q/p
1 (x, pT ) ⌦ Dh/q

1 (z, kT )

pp ! (h, jet)X
P

i,j,k f i/pa
1 (xa) f j/pb

1 (xb) Dh/k
1 (z, kT )

hadron in jet:
can access z, kT

TMD FF H?
1 (z, kT )

e+e� ! hahbX
P

q e2qH
?ha/q
1 (za, kaT ) ⌦ H?hb/q̄

1 (zb, kbT )
+{q $ q̄}

back-to-back production
of hadron pair

`p" ! `hX
P

q e2qh
q/p
1 (x, pT ) ⌦ H?h/q

1 (z, kT )

p"p ! (h, jet)X
P

i,j,k hi/pa
1 (xa) f j/pb

1 (xb) H?h/k
1 (z, kT )

hadron in jet:
can access z, kT

Twist-3 FFs

`p" ! hX
P

q e2qh
q/p
1 (x) {Hh/q, H?(1)h/q

1 , Ĥh/q,=
FU } + . . .

~̀p" ! hX
P

q e2qh
q/p
1 (x) Eh/q + . . .

p"p ! hX

P
i,j,k hi/pa

1 (xa) ⌦ f j/pb
1 (xb)

⌦ {Hh/k, H?(1)h/k
1 , Ĥh/k,=

FU } + . . .

Di-hadron FFs

e+e� ! (h1, h2)X
P

q e2qD
h1h2/q
1 (z, Mh)

for large Mh

also Dh/i
1 (z) contribute

e+e� !

(ha1, ha2) (hb1, hb2)X

P
q e2qD

ha1ha2/q
1 (za, Mha) Dhb1hb2/q̄

1 (zb, Mhb)
+{q $ q̄}P

q e2qH
ha1ha2/q

1 (za, Mha) H hb1hb2/q̄
1 (zb, Mhb)

+{q $ q̄}P
q e2qG

?ha1ha2/q
1 (za, Mha) G?hb1hb2/q̄

1 (zb, Mhb)
+{q $ q̄}

back-to-back production
of di-hadron pair

Continued on next page
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1- Back-to-back production of hadron pair 

Two ways to obtain transverse momentum dependence: 

•  Useing transverse momentum between two hadrons 
(in opposite hemispheres) 

•  Usual convolution of two transverse momenta 



18	Maryam	Soleymaninia	

4

PhT

Ph

n

e+

e�

FIG. 1. Illustration of transverse-momentum-dependent sin-
gle hadron fragmentation where the final-state hadron is de-
picted as a red arrow, the incoming leptons as blue arrows,
and the event plane – spanned by leptons (blue lines) and ini-
tial quarks/thrust axis n (purple line) – is depicted as a light
blue plane. The transverse momentum PhT is calculated rel-
ative to the thrust axis and depicted by the red, dashed line.

tector at the KEKB asymmetric-energy e+e� (3.5 GeV
on 8 GeV) collider [33, 34] operating at the ⌥(4S) res-
onance (denoted as on-resonance), as well as a smaller
data set taken 60 MeV below for comparison (denoted as
continuum).

The Belle detector is a large-solid-angle magnetic spec-
trometer that consists of a silicon vertex detector (SVD),
a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement
of time-of-flight scintillation counters, and an electromag-
netic calorimeter comprised of CsI(Tl) crystals located
inside a superconducting solenoid coil that provides a
1.5 T magnetic field. An iron flux-return located outside
of the coil is instrumented to detect K0

L mesons and to
identify muons. The detector is described in detail else-
where [35, 36]. A 1.5 cm beampipe with 1 mm thickness
and a 4-layer SVD and a small-cell inner drift chamber
were used to record 558 fb�1 [37].

The primary light (uds)- and charm-quark simulations
used in this analysis were generated using pythia6.2
[38], embedded into the EvtGen [39] framework, followed
by a geant3 [40] simulation of the detector response.
The various MC samples were produced separately for
light (uds) and charm quarks, and on the generator level
several JETSET[41] settings were produced in order to
study their impact. For generator level MC to data
comparisons, long-lived weak decays, which normally are
handled in geant, were allowed in EvtGen. In addition,
we generated charged and neutral B meson pairs from
⌥(4S) decays in EvtGen, ⌧ pair events with the KKMC
[42, 43] generator and the Tauola [44] decay package,
and other events with either pythia or dedicated gener-
ators [45] such as for two-photon processes.

A. Event and track selection

The goal of this analysis is to extract hadron cross
sections from uds and charm pair events. Therefore
events are required to have a visible energy of all de-
tected charged tracks and neutral clusters above 7 GeV
(to remove ⌧ pair events) and either a heavy-jet mass
(the greater of the invariant masses of all particles in
a hemisphere as generated by the plane perpendicular
to the thrust axis) above 1.8 GeV/c2 or a ratio of the
heavy-jet mass to visible energy above 0.25. Also, events
need to have at least three reconstructed charged tracks,
which reduces two-photon processes. The thrust value
is calculated as descibed above, where all detected par-
ticles and neutral clusters are included. For the charged
particles, the mass hypothesis for the identified particle
type is taken into account when boosting into the CMS.
The thrust axis is required to point into the barrel part
of the detector by having a z component |n̂z| < 0.75 in
order to reduce the amount of thrust-axis smearing due
to undetected particles in the forward/backward regions.
Tracks are required to be within 4 cm (2 cm) of the
interaction point along (perpendicular to) the positron
beam axis. Each track is required to have at least three
SVD hits and fall within the polar-angular acceptance of
�0.511 < cos ✓lab < 0.842 in order to have PID infor-
mation from all relevant PID detectors. The fractional
energy of each track is required to exceed 0.1 and the
transverse momentum with respect to the thrust axis is
then calculated in the CMS as illustrated in Fig. 1. Also a
minimum transverse momentum in the laboratory frame
with respect to the beam axis of 100 MeV/c is imposed
to ensure the particles traverse the magnetic field.

B. PID selection

To apply the PID correction according to the PID e�-
ciency matrices used in previous results [46], the same se-
lection criteria are applied first to define a charged track
as a pion, kaon, proton, electron or muon. This informa-
tion is determined from normalized likelihood ratios that
are constructed from various detector responses. If the
muon-hadron likelihood ratio is above 0.9, the track is
identified as a muon. Otherwise, if the electron-hadron
likelihood ratio is above 0.85, the track is identified as an
electron. If neither of these applies, the track is identified
as a kaon by a kaon-pion likelihood ratio above 0.6 and a
kaon-proton likelihood ratio above 0.2. Pions are identi-
fied with the kaon-pion likelihood ratio below 0.6 and a
pion-proton ratio above 0.2. Finally, protons are identi-
fied with kaon-proton and pion-proton ratios below 0.2.
Here, and in the remaining sections of this presentation,
protons will refer to combinations of protons and anti-
protons unless the charge is explicitly mentioned. While
neither muons nor electrons are considered explicitly for
the single hadron analysis, they are retained as necessary
contributors for the PID correction, wherein a certain

Single-hadron FF wrt to Thrust  

•  No convolution 
•  Poorly measured  
 
TASSO Collaboration [Z.	Phys.	C	47	(1990)	187–198]: old datasets for single unidentified 
light charged hadron productions in electron-positron annihilation  
 
Belle Collaboration [PRD	 99,	 112006	 (2019)]: first measurements of the production 
unpolarized cross sections of pions, kaons, as well as protons in SIA process 
at 10.58 GeV 
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FIG. 1. Semi Inclusive Deep Inelastic Scattering process (SIDIS) in γ∗P center of mass frame.

The Collins asymmetry measured experimetnally are related to the structure functions as follows:

Asin(φh+φs)
UT ≡ 2⟨sin (φh + φs)⟩ =

σ0(xB , y, Q2)

σ0(xB , y, Q2)

2(1− y)

1 + (1− y)2
F sin(φh+φs)
UT

FUU
. (4)

Note that sometimes experimental results (for instance for COMPASS collaboration) are presented by factoring out
the so-called depolarization factor DNN :

DNN =
2(1− y)

1 + (1− y)2
. (5)

Both structure functions, i.e. FUT and F sin(φh+φs)
UT , depend on kinematical variables and on the hard scale Q2 in the

reaction. It is important to realize that in order to have reliable calculations of corresponding structure functions one
needs to take into account appropriate scale dependence which is generated by QCD evolution of TMD distribution
and fragmentation functions.
Historically the solution of TMD evolution equations [21] is presented in the b-space, where in SIDIS b⃗ is Fourier

conjugate variable to P⃗h⊥/zh. The Ph⊥-dependent structure functions can be formulated in terms of the TMD
factorization, and they can be (omitting xB, z dependencies) written as,

FUU (Q;Ph⊥) =
1

z2h

∫
d2b

(2π)2
eiP⃗h⊥ ·⃗b/zhF̃UU (Q; b) + YUU (Q;Ph⊥) , (6)

Fα
collins(Q;Ph⊥) =

1

z2h

∫
d2b

(2π)2
eiP⃗h⊥ ·⃗b/zhF̃α

collins(Q; b) + Y α
collins(Q;Ph⊥) , (7)

where Fα
collins is related to the spin-dependent structure function F sin(φh+φs)

UT as follows:

sin(φh + φs)F
sin(φh+φs)
UT = ϵαβSα

⊥

[
gβρ⊥ − 2êβx ê

ρ
x

]
F ρ
collins , (8)

with the unit vector êx defined in Fig. 1. In Eqs. (6) and (7), the first TMD term dominates in Ph⊥ ≪ Q region, and
the second so-called Y-factor term dominates in the region of Ph⊥

>∼ Q and assures accuracy of the formula in the

wide region of Ph⊥. We will neglect the corresponding Y factors as we will consider only the region of low P⃗h⊥/z,
and thus for spin-averaged and transverse spin-dependent structure functions one has

FUU (Q;Ph⊥) =
1

z2h

∫
d2b

(2π)2
eiP⃗h⊥ ·⃗b/zhF̃UU (Q; b) , (9)

F sin(φh+φs)
UT (Q;Ph⊥) =

1

z2h

∫
d2b

(2π)2
eiP⃗h⊥ ·⃗b/zhP̂α

h⊥F̃
α
collins(Q; b) , (10)

one notices that while spin independent structure function is a scalar quantity, the spin dependent structure function
depends on the transverse direction α = 1, 2; see Eqs. (8,10).
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Transverse momenta convoluted between FF and PDF 

HERMES Collaboration at HERA 
COMPASS Collaboration at CERN 

At present only poorly measured at best because:   

•   Convolution of several transverse momenta is involved  

•  The statistical precision of several measurements is not sufficient, yet 
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We report measurements of the production cross sections of charged pions, kaons, and protons as a
function of fractional energy, the event-shape variable called thrust, and the transverse momentum with
respect to the thrust axis. These measurements access the transverse momenta created in the fragmentation
process, which are of critical importance to the understanding of any transverse-momentum-dependent
distribution and fragmentation functions. The low transverse-momentum part of the cross sections can bewell
described by Gaussians in transverse momentum as is generally assumed but the fractional-energy
dependence is nontrivial and different hadron types have varying Gaussian widths. The width of these
Gaussians decreases with thrust and shows an initially rising, then decreasing fractional-energy dependence.
The widths for pions and kaons are comparable within uncertainties, while those for protons are significantly
narrower. These single-hadron cross sections and Gaussian widths are obtained from a 558 fb−1 data sample
collected at the ϒð4SÞ resonance with the Belle detector at the KEKB asymmetric-energy eþ e− collider.

DOI: 10.1103/PhysRevD.99.112006

I. INTRODUCTION

Transverse-momentum-dependent parton distribution
(PDF) and fragmentation functions (FF) have gained
substantial interest due to the emergence of transverse spin
dependent phenomena. The most well-known transverse-
momentum-dependent effects in semi-inclusive deeply
inelastic scattering (SIDIS) are related to the Sivers
function [1] and the Collins FF [2]. Both have been
measured, first at HERMES [3,4], and since confirmed
by COMPASS [5–7] as well as by Belle, BABAR and
BESIII in the case of the Collins FFs [8–11]. They will play
an important role in the future electron-ion collider to pin
down the transverse-momentum structure of the nucleon
and its transverse spin (see [12] for details on the planned
measurements). However, at present, for any transverse-
momentum-dependent distribution (TMD) the explicit
transverse-momentum dependence is only poorly measured
at best. The reason is that in most processes a convolution
of several transverse momenta is involved (such as in SIDIS
[13,14]), or that the statistical precision of several

measurements is not sufficient, yet. Some direct access
to the transverse-momentum dependence of the polarized
Collins FFs has been achieved by BABAR [10,15], but little
is known about the transverse-momentum dependence of
unpolarized fragmentation functions. Some old data for
inclusive, unidentified hadron cross sections from eþ e−

annihilation does exist [16,17]. An attempt at fitting these
data was made, including the scale dependence [18], but the
precision of the data is very limited. Also the SIDIS data
has been fit by two groups [19,20], but the groups differ in
their conclusions while explicit information for only the
fragmentation part is necessary. Furthermore, in order to
relate the TMD effects in SIDIS and eþ e− to the large
inclusive asymmetries measured in proton-proton colli-
sions [21–23], transverse-momentum integrals over the
TMDs are needed to arrive at the higher-twist functions
relevant there [24–26]. Another important aspect of TMDs
that is yet to be addressed in more detail is the scale
dependence, which is expected [27] to be different from the
collinear Dokshitzer, Gribov, Lipatov, Altarelli, Parisi
(DGLAP) [28–30] evolution but again lacks data.
In this paper we present the unpolarized cross sections

for single charged pion, kaon as well as proton production
as a function of fractional energy, transverse momentum,
and thrust where the reference axis is given by the thrust
axis. These measurements are then related to the unpolar-
ized single-hadron fragmentation functions Dh

1ðz; kT; QÞ
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FIG. 1. Illustration of transverse-momentum-dependent sin-
gle hadron fragmentation where the final-state hadron is de-
picted as a red arrow, the incoming leptons as blue arrows,
and the event plane – spanned by leptons (blue lines) and ini-
tial quarks/thrust axis n (purple line) – is depicted as a light
blue plane. The transverse momentum PhT is calculated rel-
ative to the thrust axis and depicted by the red, dashed line.

tector at the KEKB asymmetric-energy e+e� (3.5 GeV
on 8 GeV) collider [33, 34] operating at the ⌥(4S) res-
onance (denoted as on-resonance), as well as a smaller
data set taken 60 MeV below for comparison (denoted as
continuum).

The Belle detector is a large-solid-angle magnetic spec-
trometer that consists of a silicon vertex detector (SVD),
a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement
of time-of-flight scintillation counters, and an electromag-
netic calorimeter comprised of CsI(Tl) crystals located
inside a superconducting solenoid coil that provides a
1.5 T magnetic field. An iron flux-return located outside
of the coil is instrumented to detect K0

L mesons and to
identify muons. The detector is described in detail else-
where [35, 36]. A 1.5 cm beampipe with 1 mm thickness
and a 4-layer SVD and a small-cell inner drift chamber
were used to record 558 fb�1 [37].

The primary light (uds)- and charm-quark simulations
used in this analysis were generated using pythia6.2
[38], embedded into the EvtGen [39] framework, followed
by a geant3 [40] simulation of the detector response.
The various MC samples were produced separately for
light (uds) and charm quarks, and on the generator level
several JETSET[41] settings were produced in order to
study their impact. For generator level MC to data
comparisons, long-lived weak decays, which normally are
handled in geant, were allowed in EvtGen. In addition,
we generated charged and neutral B meson pairs from
⌥(4S) decays in EvtGen, ⌧ pair events with the KKMC
[42, 43] generator and the Tauola [44] decay package,
and other events with either pythia or dedicated gener-
ators [45] such as for two-photon processes.

A. Event and track selection

The goal of this analysis is to extract hadron cross
sections from uds and charm pair events. Therefore
events are required to have a visible energy of all de-
tected charged tracks and neutral clusters above 7 GeV
(to remove ⌧ pair events) and either a heavy-jet mass
(the greater of the invariant masses of all particles in
a hemisphere as generated by the plane perpendicular
to the thrust axis) above 1.8 GeV/c2 or a ratio of the
heavy-jet mass to visible energy above 0.25. Also, events
need to have at least three reconstructed charged tracks,
which reduces two-photon processes. The thrust value
is calculated as descibed above, where all detected par-
ticles and neutral clusters are included. For the charged
particles, the mass hypothesis for the identified particle
type is taken into account when boosting into the CMS.
The thrust axis is required to point into the barrel part
of the detector by having a z component |n̂z| < 0.75 in
order to reduce the amount of thrust-axis smearing due
to undetected particles in the forward/backward regions.
Tracks are required to be within 4 cm (2 cm) of the
interaction point along (perpendicular to) the positron
beam axis. Each track is required to have at least three
SVD hits and fall within the polar-angular acceptance of
�0.511 < cos ✓lab < 0.842 in order to have PID infor-
mation from all relevant PID detectors. The fractional
energy of each track is required to exceed 0.1 and the
transverse momentum with respect to the thrust axis is
then calculated in the CMS as illustrated in Fig. 1. Also a
minimum transverse momentum in the laboratory frame
with respect to the beam axis of 100 MeV/c is imposed
to ensure the particles traverse the magnetic field.

B. PID selection

To apply the PID correction according to the PID e�-
ciency matrices used in previous results [46], the same se-
lection criteria are applied first to define a charged track
as a pion, kaon, proton, electron or muon. This informa-
tion is determined from normalized likelihood ratios that
are constructed from various detector responses. If the
muon-hadron likelihood ratio is above 0.9, the track is
identified as a muon. Otherwise, if the electron-hadron
likelihood ratio is above 0.85, the track is identified as an
electron. If neither of these applies, the track is identified
as a kaon by a kaon-pion likelihood ratio above 0.6 and a
kaon-proton likelihood ratio above 0.2. Pions are identi-
fied with the kaon-pion likelihood ratio below 0.6 and a
pion-proton ratio above 0.2. Finally, protons are identi-
fied with kaon-proton and pion-proton ratios below 0.2.
Here, and in the remaining sections of this presentation,
protons will refer to combinations of protons and anti-
protons unless the charge is explicitly mentioned. While
neither muons nor electrons are considered explicitly for
the single hadron analysis, they are retained as necessary
contributors for the PID correction, wherein a certain
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We report measurements of the production cross sections of charged pions, kaons, and protons as a
function of fractional energy, the event-shape variable called thrust, and the transverse momentum
with respect to the thrust axis. These measurements access the transverse momenta created in
the fragmentation process, which are of critical importance to the understanding of any transverse
momentum dependent distribution and fragmentation functions. The low transverse momentum
part of the cross sections can be well described by Gaussians in transverse momentum as is generally
assumed but the fractional-energy dependence is non-trivial and di↵erent hadron types have varying
Gaussian widths. The width of these Gaussians decreases with thrust and shows an initially rising,
then decreasing fractional-energy dependence. The widths for pions and kaons are comparable
within uncertainties, while those for protons are significantly narrower. These single-hadron cross
sections and Gaussian widths are obtained from a 558 fb�1 data sample collected at the ⌥(4S)
resonance with the Belle detector at the KEKB asymmetric-energy e+e� collider.

Transverse-momentum-dependent parton distribution
(PDF) and fragmentation functions (FF) have gained
substantial interest due to the emergence of trans-
verse spin dependent phenomena. The most well-
known transverse-momentum-dependent e↵ects in semi-
inclusive deeply inelastic scattering (SIDIS) are related
to the Sivers function [1] and the Collins FF [2]. Both
have been measured, first at HERMES [3, 4], and since
confirmed by COMPASS [5–7] as well as by Belle, BaBar
and BESIII in the case of the Collins FFs [8–11]. They
will play an important role in the future electron-ion
collider to pin down the transverse momentum struc-
ture of the nucleon and its transverse spin (see [12]
for details on the planned measurements). However, at
present, for any transverse-momentum-dependent distri-
bution (TMD) the explicit transverse momentum depen-
dence is only poorly measured at best. The reason is that
in most processes a convolution of several transverse mo-
menta is involved (such as in SIDIS [13, 14]), or that the
statistical precision of several measurements is not su�-
cient, yet. Some direct access to the transverse momen-
tum dependence of the polarized Collins FF’s has been
achieved by BaBar [10, 15], but little is known about the
transverse momentum dependence of unpolarized frag-
mentation functions. Some old data for inclusive, uniden-
tified hadron cross sections from e+e� annihilation does
exist [16, 17]. An attempt at fitting these data was made,
including the scale dependence [18], but the precision of
the data is very limited. Also the SIDIS data has been
fit by two groups [19, 20], but the groups di↵er in their
conclusions while explicit information for only the frag-
mentation part is necessary. Furthermore, in order to
relate the TMD e↵ects in SIDIS and e+e� to the large in-
clusive asymmetries measured in proton-proton collisions
[21–23], transverse momentum integrals over the TMDs
are needed to arrive at the higher-twist functions rele-
vant there [24–26]. Another important aspect of TMDs
that is yet to be addressed in more detail is the scale de-

pendence, which is expected [27] to be di↵erent from the
collinear DGLAP [28–30] evolution but again lacks data.
In this paper we present the unpolarized cross sections

for single charged pion, kaon as well as proton produc-
tion as a function of fractional energy, transverse mo-
mentum, and thrust where the reference axis is given
by the thrust axis. These measurements are then related
to the unpolarized single-hadron fragmentation functions
Dh

1 (z, kT , Q) with fractional energy z = 2Eh/
p
s, and

transverse momentum kT at the scale Q =
p
s. Experi-

mentally, the transverse momentum of the hadron is cal-
culated relative to the thrust axis n̂ which maximizes the
event-shape variable thrust T [31]:

T
max
=

P
h |PCMS

h · n̂|P
h |PCMS

h |
. (1)

The sum extends over all detected particles, and PCMS
h

denotes the momentum of particle h in the center-of-mass
system, CMS.
As the thrust variable describes how collimated all par-

ticles in an event are, the results are presented in bins of
this value.
The paper is organized as follows: the detector setup

and reconstruction criteria are detailed in Section I, in
Section II the various corrections to get from the raw
spectra to the final cross sections are discussed. In Sec-
tion III the results are shown and compared to Monte-
Carlo, MC, tunes before we proceed to study the trans-
verse momentum behavior via Gaussian fits for small
transverse momenta. We conclude with a summary in
Section IV. (Note: additional figures and data files are
available online in the supplement file [32].)

I. BELLE DETECTOR AND DATA SELECTION

This single-hadron cross-section measurement is based
on a data sample of 558 fb�1 collected with the Belle de-

As the thrust variable describes how collimated all particles 
in an event are, the results are presented in bins of this value. 

Experimentally, the transverse momentum of the 
hadron is calculated relative to the thrust axis nˆ 
which maximizes the event-shape variable thrust T  
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FIG. 9. Di↵erential cross sections for pions (black circles), kaons (blue squares), and protons (green triangles) as a function of
PhT for the indicated z bins and thrust 0.85 < T < 0.9. The error boxes represent the systematic uncertainties. Due to the
large uncertainties in them, z bins above 0.85 are not displayed.

IV. SUMMARY

We provide the first direct transverse-momentum-
dependent single-hadron production cross sections in
e+e� collisions at

p
s = 10.58 GeV for pions, kaons,

and protons as a function of fractional energy z and the
thrust value. In addition, it is found that a Gaussian
functional form describes well the transverse-momentum
dependence at small transverse momenta. The Gaus-
sian widths vary with z and thrust. This data will help
to understand the intrinsic transverse momentum depen-
dence generated in the fragmentation process. Such in-
put is needed to obtain a better theoretical description of
the various transverse-momentum-dependent and related
higher-twist e↵ects visible in transverse spin asymmetries
in semi-inclusive deep inelastic scattering, proton-proton
collisions and electron-positron annihilation. This infor-
mation also leads the way toward high-precision mea-
surements of TMD e↵ects at the electron-ion collider. In
addition, these results provide the unpolarized baseline
for any polarized, transverse-momentum-dependent frag-
mentation functions such as the Collins FF.
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T h i s s i n g l e - h a d r o n c r o s s - s e c t i o n 
measurement is based on a data sample of 
558 fb−1 collected with the Belle detector at 
the KEKB asymmetric-energy e+e− (3.5 GeV 
on 8 GeV) collider. 

laboratory frame with respect to the beam axis of
100 MeV=c is imposed to ensure the particles traverse
the magnetic field.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices used in previous results [46], the same
selection criteria are applied first to define a charged track
as a pion, kaon, proton, electron or muon. This information
is determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by a
kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with kaon-
proton and pion-proton ratios below 0.2. Here, and in the
remaining sections of this presentation, protons will refer to
combinations of protons and antiprotons unless the charge
is explicitly mentioned. While neither muons nor electrons
are considered explicitly for the single hadron analysis,
they are retained as necessary contributors for the PID
correction, wherein a certain fraction enters the pion, kaon,
and proton samples under study.

III. HADRON ANALYSIS AND CORRECTIONS

In the following sections, the hadron yields are extracted
and, successively, the various corrections are applied and the
corresponding systematic uncertainties are determined to
arrive at the single hadron differential cross sections
d3σðeþ e− → hX Þ=dzdPhTdT depending on fractional
energy z, transverse momentum PhT , and thrust value T.

A. Binning and cross-section extraction

For the hadron cross section, a (z, PhT) binning of 18
equidistant z bins from 0.1 to 1.0 and 20 equidistant PhT
bins from 0 to 2.5GeV=c is chosen. The thrust values are
separated into six bins with boundaries at 0.5, 0.7, 0.8,
0.85, 0.9, 0.95, and 1.0. Due to the correlation between
total hadron energy and transverse momentum, the range in
PhT is kinematically limited at low z bins.
The distributions of thrust for the selected hadron samples

are displayed in Fig. 2, where the different processes are
depicted. It can be seen that uds and charm events peak at
high thrust values, which is why in the following most
corrections and results are displayed in the 0.85< T < 0.9
thrust bin. The results of other bins are shown in the
Supplemental Material [32], as are logarithmic versions of
the thrust contributions.

B. PID correction

Following Ref. [46], particle misidentification is
addressed in a very fine binning of 17 laboratory momen-
tum and nine polar angular bins. In each bin the particle
misidentification matrix between true and detected particle
types is reconstructed using five particle hypotheses (pions,
kaons, protons, muons, and electrons) based on decays of
D$þ , Λ, and J=ψ from data where the actual particle type
can be inferred from the decay chain. In the boundaries of
the acceptance, MC information needs to be included to
determine all matrix entries. These boundary bins are
extrapolated either directly from the MC or by following
the bins filled by data using only the behavior of the MC.
The particle yields are then corrected using the inverse
matrices and their uncertainties, and the uncertainties due to
these MC extrapolations are assigned as systematic uncer-
tainties. The corrections have a moderate effect on the
hadron yields, with slight increases of the pion yields and
reductions of kaon yields at low z, mostly due to pion-kaon
misidentification. At higher z, kaon yields increase at the
expense of proton yields with increasing transverse
momentum. The ratios relative to the uncorrected hadron
yields are shown in Fig. 3 for an intermediate thrust bin.
The behavior for other thrust bins is similar.

C. Non-qq̄ background correction

Several processes that are not part of the fragmentation
function definitions need to be removed from the initial
yields. These include the two-photon processes eþ e− →
eþ e−uū, eþ e− → eþ e−dd̄, eþ e− → eþ e−ss̄, and eþ e− →
eþ e−cc̄, as well as τ pair production and the ϒð4SÞ decays
via either charged or neutral B meson pairs. These con-
tributions are extracted fromMC and are directly subtracted
from the luminosity-normalized yields. For all hadrons, the
contributions from these processes are minor and only
reach larger relative contributions in the higher transverse-
momentum tails where two-photon processes and, for the
pions also τ decays, contribute to more than 10% of the
yields. A large amount of ϒð4SÞ background has to be
removed for low thrust values, and in particular at lower z
values, but at high thrust and high z this contribution
becomes negligible as the thrust variable very effectively
discriminates against ϒð4SÞ decays.
Apart from the uncertainties due to the MC statistics

used to determine these non-qq̄ contributions, their relative
sizes are also varied by % 1.4% for τ production [47] and a
factor of 5 for the two-photon contributions. The reason for
this large factor in the two-photon contributions originates
from the fact that not all possible diagrams are included in
the MC generator. Those uncertainties are then assigned as
systematic uncertainties for the non-qq̄ removal. The total
relative background contributions for pions in an inter-
mediate thrust bin, 0.85< T < 0.9, can be seen in Fig. 4.
For kaons, the ϒð4SÞ decay contributions are even more
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#Final weak de cays subtract ed cross secti ons 
d2sigma / dz dkt  in microb/GeV for the pi+- data.
#thrus t range #zbin range #kbin range xsec[fb/G

0.5 0.7 0.1 0.15 0 0.125 1.46E+06

0.5 0.7 0.1 0.15 0.125 0.25 4.50E+06

0.5 0.7 0.1 0.15 0.25 0.375 7.43E+06

0.5 0.7 0.1 0.15 0.375 0.5 1.26E+07

0.5 0.7 0.1 0.15 0.5 0.625 1.17E+07

0.5 0.7 0.1 0.15 0.625 0.75 3.09E+06

0.5 0.7 0.1 0.15 0.75 0.875 6.92E+04

0.5 0.7 0.15 0.2 0 0.125 3.40E+05

0.5 0.7 0.15 0.2 0.125 0.25 9.76E+05

0.5 0.7 0.15 0.2 0.25 0.375 1.53E+06

0.5 0.7 0.15 0.2 0.375 0.5 1.94E+06

0.5 0.7 0.15 0.2 0.5 0.625 2.22E+06

0.5 0.7 0.15 0.2 0.625 0.75 2.54E+06

0.5 0.7 0.15 0.2 0.75 0.875 2.09E+06

0.5 0.7 0.15 0.2 0.875 1 5.22E+05

0.5 0.7 0.15 0.2 1 1.125 2.21E+04

0.5 0.7 0.2 0.25 0 0.125 1.08E+05

0.5 0.7 0.2 0.25 0.125 0.25 3.16E+05

0.5 0.7 0.2 0.25 0.25 0.375 4.63E+05

0.5 0.7 0.2 0.25 0.375 0.5 5.47E+05

0.5 0.7 0.2 0.25 0.5 0.625 5.72E+05

0.5 0.7 0.2 0.25 0.625 0.75 5.27E+05

0.5 0.7 0.2 0.25 0.75 0.875 4.20E+05

0.5 0.7 0.2 0.25 0.875 1 3.78E+05

0.5 0.7 0.2 0.25 1 1.125 2.93E+05
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For the hadron cross section, a (z, PhT) 
binning of 18 equidistant z bins from 0.1 to 
1.0 and 20 equidistant PhT bins from 0 to 
2.5 GeV/c is chosen. The thrust values are 
separated into six bins with boundaries at 
0.5, 0.7, 0.8, 0.85, 0.9, 0.95, and 1.0 

laboratory frame with respect to the beam axis of
100 MeV=c is imposed to ensure the particles traverse
the magnetic field.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices used in previous results [46], the same
selection criteria are applied first to define a charged track
as a pion, kaon, proton, electron or muon. This information
is determined from normalized likelihood ratios that are
constructed from various detector responses. If the muon-
hadron likelihood ratio is above 0.9, the track is identified
as a muon. Otherwise, if the electron-hadron likelihood
ratio is above 0.85, the track is identified as an electron. If
neither of these applies, the track is identified as a kaon by a
kaon-pion likelihood ratio above 0.6 and a kaon-proton
likelihood ratio above 0.2. Pions are identified with the
kaon-pion likelihood ratio below 0.6 and a pion-proton
ratio above 0.2. Finally, protons are identified with kaon-
proton and pion-proton ratios below 0.2. Here, and in the
remaining sections of this presentation, protons will refer to
combinations of protons and antiprotons unless the charge
is explicitly mentioned. While neither muons nor electrons
are considered explicitly for the single hadron analysis,
they are retained as necessary contributors for the PID
correction, wherein a certain fraction enters the pion, kaon,
and proton samples under study.

III. HADRON ANALYSIS AND CORRECTIONS

In the following sections, the hadron yields are extracted
and, successively, the various corrections are applied and the
corresponding systematic uncertainties are determined to
arrive at the single hadron differential cross sections
d3σðeþ e− → hX Þ=dzdPhTdT depending on fractional
energy z, transverse momentum PhT , and thrust value T.

A. Binning and cross-section extraction

For the hadron cross section, a (z, PhT) binning of 18
equidistant z bins from 0.1 to 1.0 and 20 equidistant PhT
bins from 0 to 2.5GeV=c is chosen. The thrust values are
separated into six bins with boundaries at 0.5, 0.7, 0.8,
0.85, 0.9, 0.95, and 1.0. Due to the correlation between
total hadron energy and transverse momentum, the range in
PhT is kinematically limited at low z bins.
The distributions of thrust for the selected hadron samples

are displayed in Fig. 2, where the different processes are
depicted. It can be seen that uds and charm events peak at
high thrust values, which is why in the following most
corrections and results are displayed in the 0.85< T < 0.9
thrust bin. The results of other bins are shown in the
Supplemental Material [32], as are logarithmic versions of
the thrust contributions.

B. PID correction

Following Ref. [46], particle misidentification is
addressed in a very fine binning of 17 laboratory momen-
tum and nine polar angular bins. In each bin the particle
misidentification matrix between true and detected particle
types is reconstructed using five particle hypotheses (pions,
kaons, protons, muons, and electrons) based on decays of
D$þ , Λ, and J=ψ from data where the actual particle type
can be inferred from the decay chain. In the boundaries of
the acceptance, MC information needs to be included to
determine all matrix entries. These boundary bins are
extrapolated either directly from the MC or by following
the bins filled by data using only the behavior of the MC.
The particle yields are then corrected using the inverse
matrices and their uncertainties, and the uncertainties due to
these MC extrapolations are assigned as systematic uncer-
tainties. The corrections have a moderate effect on the
hadron yields, with slight increases of the pion yields and
reductions of kaon yields at low z, mostly due to pion-kaon
misidentification. At higher z, kaon yields increase at the
expense of proton yields with increasing transverse
momentum. The ratios relative to the uncorrected hadron
yields are shown in Fig. 3 for an intermediate thrust bin.
The behavior for other thrust bins is similar.

C. Non-qq̄ background correction

Several processes that are not part of the fragmentation
function definitions need to be removed from the initial
yields. These include the two-photon processes eþ e− →
eþ e−uū, eþ e− → eþ e−dd̄, eþ e− → eþ e−ss̄, and eþ e− →
eþ e−cc̄, as well as τ pair production and the ϒð4SÞ decays
via either charged or neutral B meson pairs. These con-
tributions are extracted fromMC and are directly subtracted
from the luminosity-normalized yields. For all hadrons, the
contributions from these processes are minor and only
reach larger relative contributions in the higher transverse-
momentum tails where two-photon processes and, for the
pions also τ decays, contribute to more than 10% of the
yields. A large amount of ϒð4SÞ background has to be
removed for low thrust values, and in particular at lower z
values, but at high thrust and high z this contribution
becomes negligible as the thrust variable very effectively
discriminates against ϒð4SÞ decays.
Apart from the uncertainties due to the MC statistics

used to determine these non-qq̄ contributions, their relative
sizes are also varied by % 1.4% for τ production [47] and a
factor of 5 for the two-photon contributions. The reason for
this large factor in the two-photon contributions originates
from the fact that not all possible diagrams are included in
the MC generator. Those uncertainties are then assigned as
systematic uncertainties for the non-qq̄ removal. The total
relative background contributions for pions in an inter-
mediate thrust bin, 0.85< T < 0.9, can be seen in Fig. 4.
For kaons, the ϒð4SÞ decay contributions are even more
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The goal of this analysis is to extract hadron cross sections from uds and 
charm pair events.  

pronounced at low thrust values and z, reaching initially
more than 80% of the yields before rapidly decreasing with
z and thrust value. For protons, the ϒð4SÞ contributions are
again less dominant. It should be noted that the large

number of decays needed by B mesons to produce the light
hadrons studied here increases their contribution at higher
transverse momenta disproportionately. Also the initial
momentum of the B mesons is small which enhances
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FIG. 2. Contributions to the thrust distributions from various processes for the reconstructed pion (left), kaon (center), and proton
(right) yields at theϒð4SÞ resonance. From bottom to top, the stacked contributions from eecc̄ (yellow), eess̄ (dark blue), eeuū (purple),
τþ τ− (light green), ϒð4SÞ → Bþ B− (violet), ϒð4SÞ → B0B̄0 (dark green), charm (blue), and uds (red) are shown. For comparison, the
data for continuum (turquoise, denoted as “data cont”) and on-resonance (orange, denoted as “data res”) are also shown. The black
vertical lines display the thrust bin boundaries used in this analysis.
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FIG. 3. Ratio of yields after to before applying the PID correction for pions (green), kaons (blue), and protons (red), as a function of the
transverse momentum PhT in bins of z for an intermediate thrust bin. Empty bins are visible where the yields become zero, especially for
high-z bins as well as for kinematically inaccessible low-z protons. The error bars represent the systematic uncertainties assigned for this
correction step.
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The distributions of thrust for the selected hadron samples are displayed in Fig, 
where the different processes are depicted. It can be seen that uds and charm events 
peak at high thrust values, which is why in the following most corrections and 
results are displayed in the 0.85 < T < 0.9 thrust bin. 
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FIG. 9. Di↵erential cross sections for pions (black circles), kaons (blue squares), and protons (green triangles) as a function of
PhT for the indicated z bins and thrust 0.85 < T < 0.9. The error boxes represent the systematic uncertainties. Due to the
large uncertainties in them, z bins above 0.85 are not displayed.

IV. SUMMARY

We provide the first direct transverse-momentum-
dependent single-hadron production cross sections in
e+e� collisions at

p
s = 10.58 GeV for pions, kaons,

and protons as a function of fractional energy z and the
thrust value. In addition, it is found that a Gaussian
functional form describes well the transverse-momentum
dependence at small transverse momenta. The Gaus-
sian widths vary with z and thrust. This data will help
to understand the intrinsic transverse momentum depen-
dence generated in the fragmentation process. Such in-
put is needed to obtain a better theoretical description of
the various transverse-momentum-dependent and related
higher-twist e↵ects visible in transverse spin asymmetries
in semi-inclusive deep inelastic scattering, proton-proton
collisions and electron-positron annihilation. This infor-
mation also leads the way toward high-precision mea-
surements of TMD e↵ects at the electron-ion collider. In
addition, these results provide the unpolarized baseline
for any polarized, transverse-momentum-dependent frag-
mentation functions such as the Collins FF.
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First direct transverse-momentum-dependent single-hadron production cross sections e+ e- 
collisions at Q =10.58 GeV for pions, kaons, and protons. 
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TMD FFs 
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Factorization of  TMD for e+ e- → hX process, one observed hadron at the final state 

TMD fragmentation function two terms:  
first term is the unpolarized collinear FF Dh/f (z,Q2) 
second term corresponds to the TMD dependent hh(PhT) 

FFs by NNFF1.0 Collaboration [Eur.	Phys.	J.	C	77,	516	(2017)]	

	 not dependent on 
the scale of energy  
and also the flavor 
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Available FF sets (status 2017)

DHESS HKNS JAM NNFF

D
A
T
A SIA 2� 2� 2� 2�

SIDIS 2� 4 4 4
PP 2� 4 4 2�

M
E
T
H
. statistical Iterative Hessian Hessian

Monte Carlo Monte Carlo
treatment 68% - 90% ��2 = 15.94

parametrisation standard standard standard neural network

T
H
E
O
R
Y pert. order (N)NLO NLO NLO LO, NLO, NNLO

HF scheme ZM(GM)-VFN ZM-VFN ZM-VFN ZM-VFN

hadron species ⇡±, K±, p/p̄, h± ⇡±, K±, p/p̄ ⇡±, K± ⇡±, K±, p/p̄

latest update
PRD91 (2015) 014035

PTEP2016 (2016) 113B04 PRD94 (2016) 114004 EPJC77 (2017) 516
PRD95 (2017) 094019

+ some others (including analyses for specific hadrons)

BKK95 [ZPB 65 (1995) 471] ⇡±,K±

BKK96 [PRD53 (1996) 3553] K0

DSV97 [PRD57 (1998) 5811] ⇤0

BFGW00 [EPJC19 (2001) 89] h±

AESS11 [PRD83 (2011) 034002] ⌘
SKMNA13 [PRD88 (2013) 054019] ⇡±,K±

LSS15 [PRD96 (2016) 074026] SIDIS only

Focus on ⇡ and K which constitute the largest fraction in measured yields

Emanuele R. Nocera (Edinburgh) FFs of light charged hadrons 24th November 2017 15 / 42
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Commonly parametrization for TMD FFs in SIDIS, Drell-Yan and  SIA processes,  
Gaussian form  at low p⊥ 

 Minimization                                CERN program library MINUIT 
 [Comput.	Phys.	Commun.	10,	343	(1975)]	

[Physics	Letters	B	772	(2017)	78–86]	

[JHEP04(2014)005]	
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peak at thrust range of 0.85 < T < 0.9 showing that at high
thrust values their contributions become sizable. For this
reason, Belle Collaboration has analyzed and presented the
results for this specific range of T. In our analysis, we also
follow the analysis by Belle Collaboration and focus on the
datasets for this particular thrust bin and present our results
for the trust range of 0.85 < T < 0.9.
Due to the large uncertainties associated with the differ-

ential cross sections at large z regions, we exclude some of
high-z data points from our TMD FFs QCD analysis.
Moreover, since the low values of z cannot be applicable for
factorization theorem and in order to get the reliable fits, the
kinematical cuts on small z region are also imposed to the
datasets. The kinematical cuts on z are different for various
hadrons analyzed in this study. The details of the kinemati-
cal cut applied on the datasets are reported in Table I
as well.
According to the factorization theorem, the differential

cross section which depends on the fractional energy z and
transverse momentum PhT is written as follows:

dσh

dzdPhT
¼ LμνðW

μν
TMD þ Wμν

collÞ; ð2Þ

while Lμν is the leptonic tensor andW
μν
TMD andWμν

coll are the
hadronic tensors. The first hadronic tensor Wμν

TMD has

contribution in the region of small transverse momenta,
while the second one Wμν

coll contains collinear factorization.
Generally speaking, in some certain regions with

PhT ∼ 2 GeV, the collinear contributions in the cross
section are more than TMD contributions, while for the
kinematical region of PhT < 1 GeV the TMD term has the
largest contribution in the cross section. In addition, one
could try to perform an analysis in the nonperturbative
evolution region, and hence, for this purpose, the PhT
should be restricted to the PhT < 1 GeV. We follow this
assumption to perform our QCD analysis. We should
mention here that the uncertainties of observables for the
individual z bins increase for the high-PhT value. Hence,
we exclude the experimental data with PhT > 1 GeV for
different identified light charged hadron fit while the range
of data analyzed for proton/antiproton is wider than
charged pion and kaon.
In order to finalize the maximum cut on PhT , the

sensitivity of χ2 to the variations of PhT < Pmax
hT is inves-

tigated for the TMD dependence of SIA data from Belle
Collaboration. We scan the PhT region of 0.3 < Pmax

hT <
1.1 GeV for the pion, kaon, and proton TMD FFs analyses.
Considering these χ2 scans, our TMD FFs fits are presented
for each different PhT < Pmax

hT cut.
In Fig. 1, the dependence of χ2=d:o:f. to the maximum

cut value of PhT has been presented for pion, kaon,
and proton/antiproton. As one can conclude from the
figure, the best χ2=d:o:f. value for the pion is related to
the fit to the data with Pmax

hT ¼ 0.9 GeV. As can be seen
from Fig. 1, there is no further improvement on the
χ2=d:o:f. for the values larger than Pmax

hT > 0.9 GeV. Our
investigations for the Pmax

hT dependence for the kaon and
proton/antiproton reflect different findings. As Fig. 1
clearly shows, the best high-PhT cut for the kaon and
proton/antiproton needs to be taken as Pmax

hT ¼ 0.8 and
Pmax
hT ¼ 1 GeV, respectively.

TABLE I. The input datasets included in the three individual
analyses for π% , K% , and p=p̄. For each hadron, we indicate the
kinematical cuts of z and PhT , number of data points in the fits,
and the χ2=d:o:f. values for each dataset.

Hadron z cut PhT cut Data points χ2=d:o:f.

π% [0.275–0.675] [0–0.9] 63 1.053
K% [0.275–0.625] [0–0.8] 48 1.154
p=p̄ [0.275–0.775] [0–1] 88 0.755
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FIG. 1. Dependence of χ2=d:o:f. on the maximum cut values of PhT and z for 0.3 < Pmax
hT < 1.1 GeV and 0.5 < zmax < 0.85 datasets

of pion, kaon, and proton used in the analyses.
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TMD FFs fits for each different P hT< PhT max cut 
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Dependence on z parameter : 
Sensitivity of χ2 to the particular value of zmax  
Exclude the datasets with z > zmax from the analysis. 
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ü  Recently, Belle Collaboration at KEK has published the first measurements on e+ e- → hX differential 
cross sections in both z and PhT space for charged pion, kaon, and proton/antiproton. Previously, there 
was no dataset on the transverse momentum dependence of the cross sections or multiplicities for 
extraction of the unpolarized TMD FFs for identified light hadrons. 

ü  These datasets are the only available observables in SIA process which can be used, for the first time, 
to determine the unpolarized TMD FFs for pin, kaon, and proton from QCD fits. These new 
measurements could provide enough constrains on the energy fraction z of the fragmentation process. 

ü  This analysis is restricted to the electron-positron annihilation processes, and hence, another possible 
area of future research would be to investigate the effect of another source of information on the 
TMD FFs which mainly come from the SIDIS processes. In terms of future work, it would be 
interesting to repeat the analysis described here considering the mentioned improvements.  

ü  Provide the unpolarized baseline for any polarized, transverse-momentum-dependent fragmentation 
functions such as the Collins FF. 
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Hence, the theory prediction for the pion as shown in Fig. 2
is restricted to these particular values of z and PhT
kinematical cuts. As expected by the χ2=d:o:f. values listed

in Table I for the pion analysis, the experimental measure-
ments agree well with the theory predictions computed
using the SK19 TMD FF sets. The agreement between
the data and our theory predictions is excellent for the
different bins of z and the PhT values analyzed in this study,
i.e., PhT < 0.9 GeV. One can see a very small shift for
our theory predictions at the higher values of z, namely
0.65 < z < 0.70 GeV. However, this treatment does not
significantly affect our conclusion on the fit quality of pion
TMD FFs analysis.
Figure 3 presents the comparisons between kaon exper-

imental data and full lines of the Gaussian fits. Like for the
case of pion fit, a similar argument can be made for the
kaon TMD FFs fit. From χ2=d:o:f. values listed in Table I,
one expects an excellent fit to the data. Our kaon fit is
restricted to the z range of 0.275 ≤ z ≤ 0.625 and for
PhT < 0.8 GeV. As can been seen from Fig. 3, the data/
theory agreements are excellent for all range of z and PhT
analyzed for the kaon TMD FFs fit.
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FIG. 4. Same as Fig. 2 but for proton.

FIG. 5. hP2
hTi distributions presented in Eq. (11) as a function of z. The plots shown are for the charged pion, kaon, and proton/

antiproton FFs, respectively. The error bars correspond to the 1-σ uncertainty at 68% CL.
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The QED corrections are relatively small, but the O(αS) correction 
cannot be neglected 
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Each of these ingredients is a source of uncertainty in the FF determination 
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	L
μν	

is	the	leptonic	tensor	and	W
TMD	

and	W
coll	

are	the	hadronic	tensors.	The		
	
first	hadronic	tensor	W

TMD	
has	contribution	in	the	region	of	small	transverse		

	
momenta,	while	the	second	one	contains	collinear	factorization.		
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ü  Ei:	The	measured	value	of	a	given	observable	
ü  Ti:		The	corresponding	theoretical	estimate	
ü  	The	experimental	errors	associated	with	this				

measurements	are	calculated	from	systematic	and	
statistical	errors	added	in	quadrature.	

ü  nexp	:	individual	experimental	data	sets	for	the	
							nth		experiment.	
ü  Nn

data	:	refers	to	the	number	of	data	points	in	each	data	
set.	

ü  	The	optimization	is	done	by	the	CERN	program	MINUIT.		


