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What do we anticipate from hydrodynamics?

https:// iation.org/t ter-| pond-to-call-my /, - MADAI ion, Hannah Petersen and Jonah Bernhard,
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Infinitely late-times: Global equilibrium?

“The Lie derivative of any physical observable along the four-temperature vector
vanishes at thermodynamic equilibrium.” (Becattini, 2016)

“A free-falling ideal thermometer in a fluid at global equilibrium will mark a constant
temperature 1/(3.u) of the fluid ...with u the four-velocity of the thermometer.”
(Becattini, 2016)

Different ways to obtain

- Zubarev-Becattini: Maximize S = — tr(plog p) with
some constraints Becattini, 2016

- Poor man: Define S# from promoting s and solve

V-5=0
- Or use kinetic theory pe Groot et al., 1980 E=—-PV+TS+puN
- Rigid motion: e=—P+ Ts+ un

VuBy +Vufu=0 = Bu=by+wux”
- by =uu/T or T=1/4/B2

- Hydrostatic configuration u* = (1,0) in some
coordinate system, and 8, = u,/T
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Conformal theories

In conformal theories, the four-temperature does not need to be a Killing vector. It is
sufficient for it to be a conformal Killing vector for the system to be in global
equilibrium. The physical observable need to have a definite conformal weight.

Poor man'’s approach to conformal theories

2 dlogZ

- 5 Ky — pry —
Energy-momentum tensor THY = (THY) =5

- Conformal symmetry — g, TH" =0

- Entropy current S# = PB* — THY 3,

-V.5=0 ﬁﬁﬂgﬂV:%V'/@g,uu

- Also LgT = —%V -BT

- (Almost) every physical quantity LgX = —[f‘i]v - BX

A general solution

- In global equilibrium it is guaranteed that V, TH#” =0
e . 1 _ 3 o) . _ T
- New definition L5 T + ZV-BT—ZV~u(f7§) with =1+ <

- The general solution to ideal hydrodynamics is f =2/3

- You may call this the local equilibrium if 3 is not still a conformal Killing vector
v
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Your textbook hydro does not work!

“Landau-Lifshitz and Eckart first-order hydrodynamics (NS) predict that there is no
equilibrium, and excitation can propagate faster than light.” (For example: Hiscock et

al., 1985)

“We may promote dissipative currents to dynamical variables.” (israel, 1975)

(Tru®0a + 1) T = —not

(mu®0a +1)N=—V-u

“The relaxation time introduced by Miiller-Israel-Stewart is not arbitrary.” (pu et al., 2009)

Tre >2n/s

“The first-order theory can be stable!” (Kovtun, 2019 and Bemfica et al., 2019)
“Unstable theories do not have an absolute maximum for the entropy.” (Gavassino et

al., 2020)

A lot of theories in the market

TH = (€ + P) uhu’ +Pgh’+ Q" u” + Q" ut 4

with & = et+fe

and P = p+fp

Prescription Frame fe fp Q i

Navier-Stokes Landau 0 —CV - u 0 —nohV

MIS Landau 0 N (dynamical variable) 0 dynamical variable

DNMR Landau 0 N (dynamical variable) 0 dynamical variable

Disconzi Landau 0 —¢V.C 0 —277A"'QA'JB V(a Cﬁ)
N (%v LC+ ﬁ)

FOCS General | el +ev.u | mE+mvu 0 (a“ +ivi T) —nohv
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Hydro simulations made simple

Causal and stable dissipative hydrodynamics is required for heavy-ion collisions.

e also summarised n this publcaton

Initial conditions

Transport cosficents of buk viscous

pressure in the 14-moment approximation’ PR

g i fontof ' i Equation 2of Derical, G S:; Jon, S Gale,

Denial, G . N, H: Molnde . Rischk, .
039902 (2015)

At some initial time

Hydro
forte shear stess tensorand
T4 T = (0~ buT16 + TP + A e,,, +

After
hydro

(725 dNy oy cor
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Early thermalization puzzle

- Be careful about the orders!

- vy sensitivity to 79 — 70 < 1fm/c Romatschke, 2016

- NS hydro overestimates S, even with 77/s = 1/47 M.Lublinsky and E.Shuryak, 2007

- Proposal (that was not taken seriously): scale ~1/T — scale ~ 1/(TN;<ff3
M.Lublinsky and E.Shuryak, 2007

- Relatively fast thermalization for Qs > Agcp (with 1 4 1 expansion): Baier et al., 2001

- Their result: 7~ 1505 3Q; ! ~ 6.9 fm/c !!!

- LRF T} = diag (&, P, P1, PL) A= (PL— Prt)/Peq

- Fast isotropization Peter Arnold et al., 2004

- Expansions is against isotropization

- In both weakly and strongly coupled regimes isotripization is not achieved in a
short time

- But hydrodynamic works!
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(Conformal) Bjorken flow as a toy model

- Tl;/li = dlag(gy PT’ PT7 PL)
- A= (P.— P7)/Peq
__1 oo ¢

-T= W(1+Zk:1 W)
1

- Ideal hydro T = e A=0

- Cy=n/s Cr=T1r

- MIS equation for Bjorken

- - 2
T T 11C :
TG 437G <> + (== +nT

T 3T https://cds.cern.ch/record/1445976 /plotshttps: / /cds.cern.ch /rec
4C, 4C. 1
- S+ 3T=0 22
or or 3 v; =z/t=tanh§ T=+Vt?>—z
- Exact solution for C; =0 €(T) = 3Peg(T) ~ T("')4
- Divergent series for C; # 0 ds? = —dr? +72d€2 + dx2 + dy?

ut = (1,0)
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What is hydrodynamization?

“The timescale at which hydrodynamics first is able to closely approximate the
subsequent dynamics of the exact underlying microscopic theory has been dubbed
hydrodynamization time.” (J. casalderrey-Solana et al., 2011)

“Given the existence of a local rest frame, hydrodynamics offers a valid and
quantitatively reliable description of the energy-momentum tensor even in
non-equilibrium situations as long as the contribution from all non-hydrodynamic
modes can be neglected.” (P. Romatschke, 2017)

“The phenomenological success of hydrodynamics in describing experimental data
from high energy nuclear collisions does not imply near-equilibrium behavior of the
matter.” (P. Romatschke, 2017)

Pressure anisotropy

P /Py

0 10 20 30 40 50 60
tT;

Keegan et al., 2016
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Heller and Spalinski find attractors |

The nonlinear EOM in the MIS formalism forgets the initial condition Heller et
al., 2015

- They were working on resurgence

- For simplicity they defined w = T7 and f(w) =1+ T; = T% Heller et al., 2011
- A=18(f —2/3)
- EOM reduced to first-order:

b

Crwif' + 4C, > <
Wit + T\ 9 9 3

_ 16CT) _ ﬁ 16C, 2w

- The hydrodynamic gradient expansion
8C,Cr 1

2 4c,
= -4+ — o) .
3 + 9w + 27w? + (W3)

f(w)

First non-hydro mode:
3 Cn—2Cy, 1
of(w) ~ exp (——W) w (1+O(—)>
2C, w

Initial condition:
2v G+ 4/ Gy

f(W<<l): 3\/?

+ O(w)
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Heller and Spalinski find attractors Il

Initial condition from f(w < 1) = 2

Cr++/Cy .
N + O(w) vs arbitrary ones
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FOCS vs. Landau-Lifshitz

Landau-Lifshitz frame FOCS

- Fix the frame: Q* =0 and £ = ¢ - Do not fix the frame and do not go
- Go on-shell 3T + TV - u = O(&?) on-shell

- Conformal invariance fg = 3fp
- and Ta# + A9, T = O(8?)

- T = —pohv

AW = ghv ytyY T = uhd, T
otV = APPAY? (Vyus + piro — (2/3)8po V - u)
Conformal uncharged fluid e = 3p = 3BT4 nw=0 n/s=C,
Recall THY = (€ + P) utu” + Pgh” 4+ Q*u¥ + QY ut + v
EOM
Perturbing the hydrostatic: 6X ~ §X exp(—iwt + ik - X)QM(SX =0
Svlk Sv| k

Dispersion relations: det(M) = Fgpear X Fsound = 0 = w = w(k)

Causal: ﬁ lim|4) 00 Re(w) < 1 Stable: Im(w) < 0 Nonhydro w(0) # 0

- fe =16C,CopT2(3T + TV - u)

- Q* =16GC,CopT?(Ta" + AHY9, T)

- Y = —pohv
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FOCS vs. Landau-Lifshitz

“The first-order hydrodyanmics can be stable by an expansion of parameter space.”
(Kovtun, 2019)

Frame invariance:[Gavassino et al., 2020] The hydro modes agree in all frames, but the
nonhydro modes do not.

Landau-Lifshitz frame FOCS

- Nonhydro mode in a moving frame: - Nonhydro mode in a moving frame:
iT\/1-v2 iT\/1-V¢
- Instability in a moving frame - Stable and Causal if

G>1 Co>1 ;>0
- Off-shell parameters do not obey the

- Breaks causality in LRF

- Second law requires C; > 0

At e secongclaw
- - TT - A==
. TT
- No absolute maximum for entropy . .
y - Absolute maximum for entropy in

equilibrium
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Where are we?

- Attractors emerge in different second-order hydrodynamic theories with
conformal Bjorken and Guber flows Heller et al., 2017

- The same prescription (f) works for conformal FOCS theory gemfica et al., 2017
- What does f mean in FOCS?

- Can FOCS work as an alternative to IS-like theories?
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Power Series solution

- Bjorken symmetries — Q" =0

- EOM
T +4C,C —2T+—7
P T 37

- Final entropy distribution
ds  4pnR’T? o L AGGA () <i>1/3 T
dy — T2A3 At T AT T

- An exact (nonphysical) solution: T = %(16@, —1)

o 4G, — )G
4G, C, T+ T M):O

T
— (T
+37’( + 37

- Truncated series:

T )—/\( 1 )1/3 17& <i>2/3716CpC% (i)4/37 256C3C737 (L)Q
@)= AT 3 AT 9 AT 27 AT

- Matching with V' = 4 SYM: C, = 1/4r C, = *—%()



Bjorken flow in FOCS hydrodynamics
0O0e00000

The attractor |

Function f(w = T7) in FOCS theory is unrelated to the pressure anisotropy,
instead it measures the decay of off-shell terms. M .s and F .Taghinavaz, 2020

Recall L3T + 1V BT =3V u(f—2) with f=1+ L

Related to damping of off-shell parts: fp = (16pC Cp) (T3V . u) [f — 3}

- EOM: 4G, Cywif’ +12C,Cyf2 — B CoCyf + wf + 22 2 _ 2w _

Attractor’s initial condition: f(w) = TGt/ Cp(3+Cp) ngC‘p(3+Cp + O(w)
P
- No reheating: C, >1 = f(0) > g

- No early-time negative pressure: % =1+ 16C” [Co (F(w) —2) —1]

Similar analytic structure of the Borel—transformed series with MIS

- fw)=2+ 467, +edf(w) = 6f ~exp (,8C3PWC") WiHL/(4Cp)
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The attractor |l

(a) (b)

fw)

R I e

M. S and F. Taghinavaz, 2020

- In the MIS RT > 1 (spalinksi, 2017) while in the FOCS RT > 1.6

- The slow-roll approximation:

w 8CoCy + /192G, C2 + (3w — 8C, )2
24C,C, 27C,C,

f(W):%—
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The attractor 1|

The off-shell transport parameters need to violate the second law of thermo-
dynamics to preserve stability and causality.
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The attractor IV

As a result, no reheating occurs for stable attractors at early-times.

(a) (b)
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The attractor V

...and the pressure is always positive.
®

PuUp
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Open questions

- What happens if conformal symmetry is broken?
- What happens in less symmetric flows?
- Attractors in MHD?

- Numerical simulations based on FOCS.
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