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Abstract

Recently, it has been shown that the gauge invariance requires the minimum number
of independent couplings for B-field, metric and dilaton at order o> to be 60. In this
paper we fix the corresponding 60 parameters in string theory by requiring the couplings
to be invariant under the global T-duality transformations. The Riemann cubed terms
are exactly the same as the couplings that have been found by the S-matrix calculations.
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1 Introduction

String theory is a quantum theory of gravity with a finite number of massless fields and a tower
of infinite number of massive fields reflecting the stringy nature of the gravity. An efficient way
to study different phenomena in this theory is to use an effective action which includes only
massless fields. The effects of the massive fields appear in the action as the higher derivatives of
the massless fields. This effective action may be found by imposing various symmetries/dualities
in the string theory. There are various gauge symmetries in the effective actions which are
corresponding to the various massless fields, e.g., the diffeomorphism symmetry corresponds
to the metric and the gauge symmetry corresponds to the Kalb-Ramond field or B-field. In
the bosonic string theory which has only metric, dilaton and B-field, they are the only local
symmetries of the effective action. Imposing only these symmetries, one finds the effective
action has three couplings at order o’® (two-derivative order), has 8 couplings at order o
(four-derivative order) up to field redefinitions [1], has 60 couplings at order a/? (six-derivative
order) [2] and so on. The gauge symmetries, however, can not determine the coefficients of
the couplings. These parameters may be found by S-matrix calculations [3, 4], by sigma-model
calculations [5, 6, 7] or by imposing global symmetries of the string theory in which we are
interested.

One of the global symmetries of the string theory is T-duality [8, 9]. This duality like
the above gauge symmetries may be imposed at the action level to fix the parameters of the
effective action at any order of o/. One approach for imposing this symmetry is the Double Field
Theory (DFT) [10, 11, 12, 13, 14] in which the D-dimensional effective action is extended to 2D-
space. In this theory, the gauge transformations are deformed to receive o/-corrections whereas
the T-duality symmetry is imposed without deformation simply by writing the couplings as
O(D, D) scalars [15, 14, 16, 17, 18]. Another approach is to reduce the D-dimensional gauge
invariant theory on a circle and impose the T-duality symmetry by constraining the couplings
in the (D — 1)-dimensional spacetime to be Zy scalars [19] where Zy-group is the Buscher rules
20, 21] plus their o/-deformations [22, 23, 24]. Using this approach for the case that B-field
is zero, the known gravity and dilaton couplings in the effective actions at orders o/, a2, /3
have been found in [25, 26|, up to some overall factors. Moreover, when B-field is non-zero, the
known couplings at order o and their corresponding corrections to the Buscher rules have been
found in [27] . In this paper, we are going to use this approach to find the couplings at order
a'? for the case that B-field is non-zero. These couplings, except its Riemann cubed couplings,
have not been found by any other methods in string theory.

It is known that the effective action at order a/?> depends on the scheme that one uses for
the effective action at order o/ [28]. In the T-duality approach, this is reflected to the T-duality
transformations at order /. It has been observed in [27] that the T-duality transformations
at order o depends on the scheme that one uses for the effective action at order o'. The
T-duality transformation corresponding to the effective action at order o/ which has only first
time derivative [29], is given in [24]. The T-duality transformations at order o’ corresponding
to the effective action at order o in an arbitrary scheme have been found in [27]. In this paper
we are going to find the effective action at order a/? that correspond to the effective action at



order o which has minimum number of couplings [1].

The outline of the paper is as follows: In section 2, we write the known minimum number
of couplings at orders o/ and o? that the gauge symmetry can fix up to field redefinitions. In
section 3, we impose the T-duality symmetry on the gauge invariant couplings to find their
corresponding parameter. The calculations at order o/ have been already done in [27]. That
calculations produce the known couplings in the literature and the corresponding T-duality
transformations. The calculations at order o/ are new. We have found both the effective
action and the corresponding T-duality transformations. However, since the expressions for
the T-duality transformations are very lengthy we will write only the effective action (see (40)).
We have found that there are only 27 non-zero couplings in the effective action at order o
Two of them have already been found by the S-matrix calculations [30]. All other terms are new
couplings that the T-duality constraint produces. In section 4, we briefly discuss our results.

2 Gauge invariance constraint

The effective action of string theory has a double expansions. One expansion is the genus
expansion which includes the classical sphere-level and a tower of quantum effects. The other
one is a stringy expansion which is an expansion in terms of higher-derivative or o/-expansion.
The classical effective action has the following o’-expansion in the string frame:

> 2
Seﬁ = Z Oém Sn = SO + O/ Sl + Oé/2 82 + .. ; Sn =—— /dDSL’ —G€_2¢£n (1)
K
n=0
The effective action must be invariant under the coordinate transformations and under the
B-field gauge transformations. So the metric G, the antisymmetric B-field and dilaton ®
must appear in the Lagrangian £,, trough their field strengths and their covariant derivatives.
This requires the effective action at order a’® to have the following couplings:

£0 - alR + GQVQCDVQCI) + a?)[{ozﬁvl—laﬁ7 (2)

where aq, as, ag are three parameters which can not be fixed by the gauge invariance constraints.

At higher orders of o/, one has the freedom of using field redefinitions and the Bianchi
identities. As a result, there are no unique form for the couplings, even the number of couplings
are not unique at the higher orders of o’. There are however, schemes in which the number of
couplings are minimum. It has been shown in [1] that the minimum number of couplings at
order o is 8. These 8 couplings can also be written in different schemes. In one particular such
scheme, the couplings can be written as [2]

L, = L1402 (3)
where £] includes the minimum number of couplings which do not include the dilaton, i.e., ,
Ll = biRuyps R + boH,  H Hps Hoyee
+b3Hog® H*VH, Hsee + by H, " H* R (4)
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and £? includes the other couplings which all include non-trivially the dilaton, i.e., ,

L] = bsHpsH'V ,OV® + bsH, " Hy s VEOVA O
+b7H, "’ Hyo s VPV D + bgV, OV OV 30V D (5)

where by, - - -, bg are eight parameters which can not be fixed by the gauge invariance constraints.
At order o/, the minimum number of couplings is 60. In one particular minimal scheme in
which there is no R, R,,, V,H"*® V ,V,d, the couplings are [2]

Lo = Ly+ L5 (6)
where £} has the minimum number of couplings in which the dilaton does not appear, i.e., ,

Ly = 1RSSR Rpese + caRap“ RO R sc + c3Hy H* Hys  H, " H P He g
teaHog HPVH S Hs"" Ho " Hopp + cs Hog? H*VH “ Hs ' H ™ H,p,
e Ho HY Hg Hec" Ry + crHy " HY RS 5" Ry, + csHog’ H*PV H FHE R 500
+eo HYVH Ros' Reyvee + croHo  H* R 5 Royee + 11 Ho H R Ryce
1o Hog" HP VR Rsee, + c13Hos H*PTH,“ H." Ryyer + c1aH o H*P Has  H, " Reye
tersHog’ HPVH,“ Hs" Reyer + c16Ho HO'N  Hy oo V' Hp,C
e HyHY'V  Ho o V' Hys® + cisHy " HP 'V, H o, oo V' Hpgs®
te19Hog" H N  H5e, VV H L + o0 Hog? H*P'N  Hse V' H, (7)

and £32 has the other couplings which all include derivatives of the dilaton, i.e., ,

L3 = cnHs  HH, . H5e, Vo ®VO® + o9 Rp 5. RV (W ®V® + oz Hy  HP R, 50V , @V D
o Hy P Hs Hoy Hee, NV OV D + o5 Ry Rps,  VEOVA O
+o6Ho " Hg® Rye5c VOOVP O + cor H 5 HP VOV 5V, OV D
teogHy P H Hoy M Hye, VPVO® + cogHy " Hg® Ho5' Hee VPV
tez0Ho P He  Hs Hee, VPV ® + 31 Hy s H R VOV D + e33Ry R, VIV O
tess Hy P Hy® Rpesc VPVOD + ey Hy P Hy Ry o5 VOVOD 4 35 Hy VO OVPOV, Hs VD
+e36Vo VOOV 50VIOV OV P + ¢3;V, OV OV OV, V0V P
tess Hy? Hys VO OVPOVIV D + 39 H' Ho 5 VP VOV IV, B
+eVOOVPOV V0V V@ + ¢ VIVIDOV, V30V 'V, &
teaoHg' Hy5 NV WOV OV VD 4 43 H, VOOV, Hys VIV D
+eu V@V OV VsV VPP + ci5H,,, Hys VOOV OV O
146 Roamps VOOV OV D + 47 Ho Hs VPV OVONV D + Cig Ry ss VI VIOV VI
o H VOOV VPOV H, 5+ 5o HVOVIV OV Hpo s
151 VOOVPOV s Hp [V H, ' + 5oV OV s Hp, VH,
+e5sVOOVIOV Hy sV H, " + c54VPV*OV Hp sV H,
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155 Va® VOOV Hy s VH + 56 Ho 'V Ry5 VOOV Hp™
+esrHp, “HPP Hi N OV, Hpee + cssHoV Hs HOV* OV, H.
+esoHo PV Hg' Hs N OV o + cooHo Hg’ H, VOV, Hy, (8)

where ¢y, - - -, cgo are 60 parameters which can not be fixed by the gauge invariance constraint.

Up to this point, the above couplings are valid for any higher derivative theory which
includes metric, B-field and dilaton. In the string theory, however, the parameters in (2), (3)
and (6) may be fixed by imposing some other specific constraints which are valid only in the
string theory. For example, one may construct the appropriate S-matrix elements with the
above couplings and then compare them with the o’-expansion of the corresponding sphere-
level S-matrix elements in the string theory to fix the parameters. This method has been used
in [1] to find the parameters in (2), (3). The parameters ¢y, cs in (6) have been also found by
the S-matrix method in [30]. The S-matrix method for fixing all parameters in (6), however,
requires one to calculate six-point function in string theory in full details which has not been
done yet.

Instead of comparing the S-matrix elements of above couplings with the corresponding S-
matrix elements in the string theory, one may impose some other symmetries of the string
theory to fix the parameters in (2), (3) and (6) . The bosonic string theory has the global
T-duality symmetry as well as the gauge symmetries that have been used to find the couplings
in (2), (3) and (6). It has been shown in [27] that the T-duality symmetry can fix correctly
the couplings in (2), (3) up to overall factors at each order of /. In the next section, we show
that imposing the T-duality on the couplings in (6) can also fix all 60 parameters in terms of
the overall factor at order «’'.

3 T-duality invariance constraint

The T-duality constraint on the D-dimensional effective action Sgg, in the most simple form,
is to reduce the theory on a circle with U(1) isometry to find the (D — 1)-dimensional effective
action Seg(1)) where 9 represents all massless fields in the (D — 1)-dimensional base space.
Then one has to transform it under the T-duality transformations to produce Seg (") where v’
represents the T-duality transformations of the massless fields in the base space. The T-duality
invariance constraint is then

Sen(®) = Sar(W) = [P e/ =gVa(e ) (9)

where gu, ¢ are the metric and dilaton in the base space, and J® is an arbitrary covariant
vector made of the (D — 1)-dimensional fields. It has the following a/-expansion:

oo
J* = > amJe (10)
n=0
where J? is an arbitrary covariant vector at order o'™.
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To have a background with U(1) isometry, it is convenient to use the following background
for the metric, B-field and dilaton:

_ (Jab +€79a9s  €79a ) B (bab + 50096 — 30690 ba > o

where b, is the B-field in the base space, and g¢,, b, are two vectors in this space. Inverse of
the above D-dimensional metric is

~ab a
wy g -9 ) 12
¢ ( —g" e+ geg° (12)

where g? is the inverse of the base metric which raises the index of the vectors.

The T-duality transformations at the leading order of o/ on the (D — 1)-dimensional fields
are given by the Buscher rules [20, 21]. In the above parametrisation, they become the following
linear transformations:

I —_

O == g, =by, V=09, Gap="0ap » Vop=1Dag , &' =0 (13)

They form a Zs-group, i.e., (z') = = where x is any field in the base space. At higher orders
of o/, the above transformations receive higher derivative corrections, i.e.,

w/ — Za/nw; (14>
n=0

where 1 is the Buscher rules (13), 9] contains corrections to the Buscher rules at order o/ and
so on. The deformed transformations must satisfy the Zs-group.

3.1 T-duality constraint at orders o°, o/

To impose the constraint (9) on the diffeomorphism invariant couplings (6), we first review how
imposing this constraint on the couplings at orders o and o' can fix their parameters [27].
The constraint (9) at order o’ is

So(¥) = So(wh) = [Py =gVa(e ) (15)

where J§ is an arbitrary vector at the leading order of o/, and 1 is the Buscher rules (13).
Reduction of different scalar terms in Sy are the following [27]:

6—2@@ = 6_2(;3\/—_@

_ 1 1
aR = a(R=V'Vap — 5 VapVip — 1e?V?) (16)

2
- 1_ - 1
CLQV“CI)V‘“(I) = ag(Va(bVa¢ + iva(bv(lQO + EVGQOV“(,O)
a3H2 = QS(HabcHabc_'_ge—chQ)
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where V,;, is field strength of the U(1) gauge field g,, i.e., Vap = Vags — Viga, ar}d W, is field
strength of the U (1) gauge field by, i.e., Wy, = Vb, — Vb The three-form H is defined as
Hape = Have = 9aWoe — gcWap — g6Wea where the three-form H is field strength of the two-form

bap + %bagb — %bbga in (11). The three-form H is invariant under the Buscher rules and is not
the field strength of a two-form. It satisfies the following Bianchi identity [24]:

_ 3
V[a[{bcd} = _5 [achd] (17)

which is invariant under the Buscher rules (13).

The transformations of different terms in (16) under the Buscher rules (13) can easily be
found. Then the T-duality constraint (15) fixes the parameters ay, as, ag in the D-dimensional
action [27], i.e.,

2 1
S, = _i; / dPre™?*/ -G <R+4vacwaq> — 12H2) : (18)
K
which is the standard effective action at order o/°, up to an overall factor. The overall factor
must be a; = 1 to be the effective action of string theory. The constraint (15) fixes also the

form of vector J§ in which we are not interested.
The constraint (9) at order o is

So®) + 'Si() — So(f +a'vh) — a'Siu) = [ dP 7oy =GV UG + o) (19)

where Ji' is an arbitrary vector at order of o/, and ¢ + o1 is the Buscher rule plus its
deformation at order «’, i.e.,

o =0+ ApW | g =b, +e?PAgY b = g. + /e P PANY

Gop = Jav + ' AGY)  Hipe = Hupe + /A, ¢ = ¢4 /A (20)
where Ap® ... ApM) contains some contractions of Vo, Vo, e?/?V,e=¢/>W, H, R and their

covariant derivatives at order «’. Since the constraint (19) should have terms up to order «,
in expanding Sp(¢y + a'¢7), one should keep the terms up to order ’, i.e.,

So(Wh + ') = Se(wh) + a'6S5Y + - - (21)

Using this expansion and the constraint (15), one can simplify the constraint (19) to the fol-
lowing constraint which is only at order «/:

Si(v) = Siup) = 058" = [ a7 ay=gVale ] (22)

It has been shown in [27] that the above constraint can fix the parameters in the effective action
(3) as well as the parameters in the corrections to the Buscher rules up to an overall factor.
The result is that £? is zero and all terms in £} are non-zero, i.e.,

20 1
Sl _ > 1 O/ / dDZL’G_2<I> /—G(RaﬁyéRa/676 _ §Ha56Ha/3’YRﬁ75€

1 1
g HescH S HO g o — S Hog" HOOVH,“ Hi) (23)

6



Up to the overall factor by, the above couplings are the standard effective action of the string
theory which has been found in [1] by the S-matrix calculations. For the bosonic string theory
by = 1/4, for the heterotic theory b; = 1/8 and for the superstring theory b; = 0.

The corrections to the Buscher rules corresponding to the above action are the following
27]:

AGY) = 2b (Vi Vhe — €W, W)
_ b
L _ A ey2 _ —ep2
A = 2(6 V?— e W)
Ap) = 2b (VapVig + e2V? + e #I?)

Ag) = by (267 Wy + €7 Hap V' — 49V G ,,)

ABD = by (26729 oy + g W — 47V
ARG, = 125, Vi(Wy'Vig) —36w/2v[abA9£]l) —36_"9/2W[abAbS) (24)

Replacing these corrections into (20), one finds the corresponding T-duality transformations at
order o satisfy the Zs-group as well as the Bianchi identity (17) [27]. The constraint (22) fixes
also the vector Ji' in which we are not interested.

3.2 T-duality constraint at order o’

We now study in details the constraint (9) at order o’ to fix the 60 parameters in (6). This
constraint at order o’ is

So(t) + 0/ Si () + aSa(t) = So(thh + o't + 9h) — o/ Si (¥ + ') — aSa(¢f)
— [aP ey =GVl + ol T+ )] (25)

where J¢ is an arbitrary vector at order o’?, o/t represents the corrections to the Buscher
rules at order o/, e.g., (24), and o/?1}, represents the corrections to the Buscher rules at order

a?, e,

o = —p+ o' A + ;O/QASO(Q) R S N ;a&e@/QAg((ZQ)

1 1
W, = go + e ?2ADY + ia'Qe*‘p/zAbg) , Gy = Gab + a’AgfL}) + 50/2A§7$)
_ _ _ 1 _ _ _ _ 1 _
Hy = Hupe + o’/ AHS) + §QI2AH;gg L0 =0+ oA + SaAg?) (26)
where Ap® ... A¢® contains all contractions of Vi, Vo, e¥/2V, e=%/?W, H, R and their co-
variant derivatives at order o/ with unknown coefficients. Since the constraint (25) should
have terms up to order a/2, in expanding Sp (1}, + /1] + a’?14) and o’ S} (1) + a’4)}), one should



keep the terms up to order a'?, i.e.,

So(Wh + 't + %) = So(vh) + /S5 + o265
oSy (Y + ) = ol Si(h) + o680 4 (27)

Using these expansions and the constraints (15) and (22), one can simplify the constraint (25)
to the following constraint which is only at order o/%:

() = Sa(wh) =05 — 981" = [P ay/=g Ve 1] (28)

The speculation is that this constraint as well as the constraint that the T-duality transforma-
tions should satisfy the Z,-group and the anomalous Bianchi identity (17) may fix all parameters
in the difiomorphism invariant couplings (6).

The T-duality transformations (26) should satisfy the Z,-group. This produces the following
constraint between the corrections at orders o/ and o/?:

— AP () + A (1) + 26 A (1)
AL () + AgP (wh) + 26 Ag8) (1
AgD () + AbD () + 26 AV (v

)

(

(

(
AG () + Agsy (¥h) + 26255 (¥
ol
(

0

)

0)

) )
ARG (Wh) + 20 AHS) (1))
0

o O O O O O

AHabc(w) (): 1/1 =
AP () + AdP () + 20860 (1f) = (29)
where we have used the Zs-constraint at order o’ which are [27]
~AgD (W) + AV (yf) = 0
AV () + AgiV () = 0
Agg (1) + Ab () = 0
Aga)(¥) + Agy) (¢5) = 0
AHoe(v) + Ae(ve) = 0
APV () + Agh () 0 (30)
The perturbations §A@™M (¥0), - -+, 5AGM (¥}) in (29) are defined as
AW (g +a'y) = Apt(yf) + o'dApM (yf) +
e (w0 + o'V A (W + oY) = e PAGD(uf) + a'e—wmg“)w@ oo
e (W + VDAY (W + oY) = AN () + o' IAND (1) + -+
Agay) (¥ +a'vy) Aga (¢h) + a'00gy,) (¢) +
AHéti(% +a'l) = Ayl + 'MHabc(wo)
A (W +a') = AGD(yp) + a'8AGD (g) + - (31)
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where dots represent the perturbations at higher orders of o/ which do not appear in our
calculations.

The Bianchi identity (17) in terms of 3-form H and 1-forms g, b is dH = —(3/2)dg A db.
The T-dual fields should satisfy this identity as well, i.e.,

_ _ 1 _ 3 1
d(H 4+ o' AHY + 50/2AH(2) +-0) = —§d(b + o/e??AgV + 50/26‘”2Ag(2) +-)
1
Ad(g + o'e 2 ApD 4 §a’Qe’¢/2Ab(2) + 1) (32)

This relation at order o’® gives the Bianchi identity (17). At order o it gives the following
relation between the corrections to the Buscher rules at order o:

AHWY = ﬁﬂ”-i[dbA(eSD/ZAb(”)+(e¢/2Ag“))Adg] (33)

where H® is a U(1) x U(1) invariant closed 3-form, i.e., dH® = 0, at order o/ which is odd
under parity. The corrections (24) satisfy this relation. At order o’?, the Bianchi identity (32)
produces the following relation between the corrections at orders o' and o'

AR — F® _ ;’[db A (e #2A6) + (e#2A¢) A dg
+(e?2AgM) Ad(e#?AbY) + d(e?2AgM) A (7?2 AbD)] (34)

where H® is a closed 3-form, i.e., dH® = 0, which contains all contractions of Vo, Vo,
e??V, e=?/?W, H, R and their covariant derivatives at order o> with unknown coefficients.

Therefore, the second order corrections Ap®, Ag?, Ab®, Ag? and A¢® should be all
contractions of Vo, Vo, e?/?V,e=%/2W, H, R and their covariant derivatives at order o/? with
unknown coefficients. The correction AH, 522 is then can be calculated from (34). All corrections
should satisfy the Z,-relations (29). They produce some algebraic equations between the pa-
rameters of the corrections at order o’? and the parameter b; in the corrections at order o, i.e.,
(24). These parameters and the 60 parameters in the action (6) should satisfy the constraint
(28) as well.

To use the constraint (28) one needs to reduce the couplings in (6). The reduction of each
term at order o' is a very lengthy expression. However, the final result for the reduction of
each term must be an invariant term under the U(1) x U(1) gauge transformations. Using this
fact as a constraint, the calculations of the reduction of Sy can be simplified greatly. The
couplings in (6) have only Riemann curvature, H, VH, V® and VV®. So we need to reduce
these terms and then contract them with the metric (12). In the reduction of these terms, there
are many terms which contains gauge field g, without its field strength. These terms must be
cancelled at the end of the day for the scalar couplings. Hence, to simplify the calculation we
drop those terms in the reduction of R0, Huwa, ViHyas, V@, V,V,® and G which have

the gauge field g,. Using this simplification, the reduction of Riemann curvature becomes?

1
Rabcd = Rabcd + Ze@(‘/adv;)c - ‘/acvi)d - 2Vab‘/cd)

2We have used the package "xAct” [31] for performing the calculations in this paper.
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1
Rabcy = Zew(%cva(p - V;chb(p - 2Vabvc§0 - 2vc‘/ab)

1
Royey = ZeW(e%ﬂvabv;,, — VooV — 2V Vo) (35)

All other components are either zero or related to the above terms by the Riemann symmetries.
The reduction of different components of VV® and V& become

V.V = V,V,b+ ivavbgo
V.V, o = —;e“’(vabv*’sz% ivabvbso)
v,V,o = ;ev(vagova¢+ ivawas&)
Vab = Vbt (Vap : V@ =0 (36)

The reduction of different components of VH and H become

1 _
VoHpa = i(VadeC — VaeWea + VasWea + 2V o Hyea)

1 _
va}Ibcy = 5(_6¢Hbcdv;1d - WbcvaSO + 2vaWbc)

1 _ _ _ 1
VyHyq = §€¢(Hbdavca — HegaVo* — Hypeo V™) + §(Wbdvc90 — WeaVip — Wi Vap)
1 _
vy[{bcy = iey(HbcaVGSD - ‘/;aWba + ‘/baWca) (37>
Habc = FIabc ; Haby = ab

The covariant derivatives on the right-hand side of (35), (36) and (37) are (D — 1)-dimensional,
and the indices are raised by the inverse metric g®. The reduction of inverse of the D-
dimensional metric in this case also becomes

—ab
w (3 0
G _<O 2, ) (38)

Using above reductions, one can calculate the reduction of different scalar terms in (6).

Then using the constraint (28), one finds some equations involving the 60 parameters in (6),
the arbitrary parameters of J§ and the parameters of Ap®), Ag? Ap2), Agéj}, Ad® and H®.
The parameters of Ap®), Agl? Ap2) Agﬁ), A¢® and H® should also satisfy the constraints
(29) and (34). To solve these constraints, one has to write the couplings in them in terms of
independent couplings. Then coefficients of the independent couplings which involve the above
parameters should be zero. To perform this last steps, one has to impose the following Bianchi
identities into the constraints as well:

Ra[bcd] = 0,
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\% la Rbc] e = 0

V.V]0 = RO
v[a‘/bd =0
ViaWyy = 0
— 3
v[a}Ibcd] + 5‘/[achd] =0 (39)

To impose the last identity above, we contract it with tensors Vo, Vo, e#/2V,e=%/?W, H, R and
their derivatives with arbitrary parameters and then add them to the constraints. To impose
the first three identities above, we use the locally inertial frame in which these identities are
automatically satisfied. In the locally inertial frame, the metric g,, takes its canonical form
and its first derivatives are all vanish, i.e., ,

gab = Nab, aagbc =0

The second and higher derivatives of metric, however, are non-zero. In this coordinate, by
rewriting the covariant derivative in terms of partial derivatives, one finds the first three iden-
tities in (39) are satisfied. To satisfy the Bianchi identities dV = 0 = dW as well, in the
couplings which involve derivatives of V' and W, we rewrite them in terms of their gauge fields,
z'.e., ‘/ab = aagb — 8bga and Wab = aabb — 8bba.

After using the above steps to write the couplings in the constraints (28), (29) and (34)
in terms of independent couplings in the local frame, one can set their coefficients to zero to
produce some algebraic equations involving only the parameters. Interestingly, these algebraic
equations fix all the 60 parameters in (6) in terms of by, the overall factor at order o/ which
should be b; = 1/4 for the bosonic string theory. All 20 parameters in (7) are non-zero and
only 7 parameters in (8) are non-zero. They are

S, = “,n / el EH 5 [0 H 35S HL " H P He,
+ 310]{ *HPVH, Hs" He" Hpey + 130H "H"H,“Hs H™ H,,
+;gH < Hg" Hoyee Hs,e RP + iH “Hp' H, " H,e R
+158 Ho*Hg " Hs:" H,, R*7° — 4531{ “Hg" Hs." H, R
16

Echefjrﬁ(;C H"Hew R — 2Hpe Hse, Ro, R0 — 2Hps" Heg R R*°

4
_§RaEv<Raﬁ " Racoe + 5 Rag“ R Rocpe + 3Hp™ Heo, R Ry s

13
+2H s Hse, R R\, + 2Hpp Hse, RV R, + o

13 52
+5 1 CHs R 3°VPVA® — & Mo CHyc Ry VPVYOD

H,°Hg,*Hs " Ho e VPV
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26 13
—  Hpr  Hpse RPCVPVED + Evﬂvaweﬂwvemw

5
+£ 5, HP P HsS VOOV, Hoo o — ;éHaﬁ”ng‘H‘SECV“(I)VLHﬁ%
+210Ha5€H°‘5’YVLH56¢VLHMC + ;Ha‘;eH"‘BVVCHWVLHg(;C
—EHJEHWVLHMVLHB(SC — gHaﬁéHWVCH&LVLH;C
+£Haﬁéﬂaﬁvvbﬂ&cvwﬁ) (40)

Note that the 60 parameters are fixed when the Bianchi constraint (34) is imposed as well as
the T-duality constraint (28) and (29). If one only uses the constraint (28) and (29), then 12
parameters of (6) remain arbitrary. It is the constraint (34) which fixes these 12 parameters as
well.

The algebraic equations also fix some of the parameters in the T-duality transformations and
the parameters of total derivative terms at order o/ in terms of b1, and leave many of them to be
arbitrary. Some of the arbitrary parameters in the T-duality transformations may be removed
by the Bianchi identities and some of them are related to the coordinate transformations at
order o?. Even when all the arbitrary parameters are set to zero, there are still too may terms
in the T-duality transformations at order a?, so we do not write them explicitly. On the other
hand, those corrections are only needed if one would like to extend the above couplings to the
order o’® in the bosonic theory in which we are not interested in this paper. The important
part of the calculations is that there are 60 relations between the 60 parameters in (6) and
the parameter by, i.e., the T-duality constraint fixes all 60 parameters at order o’? in terms
of the overall factor of the couplings at order o’! This ends our illustration of the fact that
the T-duality constraint on the effective action can fix uniquely the effective action of bosonic
string theory at order o/2.

4 Discussion

In this paper, we have shown that imposing the gauge symmetries and the T-duality symmetry
on the effective action of string theory for metric, B-field and dilaton at order o2, can fix the
effective action, i.e., (40), up to an overall factor which is the overall factor of the effective
action at order o/. This is extension of the similar calculation at order o done in [27] which
fixes the effective action at order o up to the overall factor by, i.e., (23). In fact, the gauge
symmetries require to have 60 couplings at order o/* with unfixed coefficients [2], and the T-
duality symmetry which is imposed on the reduction of the effective action on a circle, fixes
these 60 parameters.

In the base space, we have done the calculations in the local frame in which the first
derivatives of the base metric is zero. After solving the constraints, we have imposed the
solution for the parameters in the constraints (28), (29), (34) and found that they are satisfied
even when the first derivative of metric is non-zero. It is as expected, because the constraints
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are some covariant identities. If they satisfy in one particular frame like the local inertial frame,
they would satisfy in all other frames as well.

Most of the couplings in (40) are new couplings which have not been found in the literature
by other methods in string theory. When B-field is zero, the couplings (40) reduce to two
Riemann cubed terms that their coefficients, after using the cyclic symmetry of the Riemann
curvature, become exactly the same as the coefficients that have been found in [30] by the
S-matrix method. These couplings are invariant under the field redefinitions. However, the
couplings which have B-field are not invariant under the field redefinitions. When B-field is
non-zero, one may check the couplings involving four fields with the corresponding four-point
S-matrix elements in bosonic string theory. To check this comparison, one has to use a field
redefinition that change the Riemann squared terms in (23) to the Gauss-Bonnet combination
in which the propagators do not receive o’-correction. That field redefinitions would then
change the form of the couplings in (40). The resulting couplings then may be checked with the
corresponding S-matrix elements. We leave the details of this calculation for the future works.

We have found that 7 dilaton couplings in (8) are non-zero. On the other hand, it is known
that the couplings at order a/* depends on the effective action at order o/ [28]. We have used
the minimal action (23) and the corresponding T-duality transformations (24). Using another
scheme for the couplings at order o, some of the parameters in (40) may be changed. It would
be interesting to check if there is a scheme for the couplings at order o’ for which all the dilaton
couplings in (8) become zero.

We have found the effective action (40) by imposing only the symmetries of string theory,
i.e., the B-field gauge invariance, diffeomorphism and T-duality invariances. As a result, the
effective action (40) is background independent. However, the total derivative terms are ignored
in imposing the T-duality constraint. Hence the effective action (40) is valid for all backgrounds
that have no boundary. It would be interesting to take into account in details the total derivative
terms to find the boundary terms as well as the bulk terms for the general case that the
background has boundary.

We have done the calculations in the curved base space to make sure that the constraints
(28), (29), (34) are satisfied in full details. We have performed the calculations in flat base space
as well and found exactly the same parameters for (6) as in (40). In the T-duality calculations at
order o [27] which have correctly reproduced the effective action at order «, it is also assumed
that the base space is flat. Hence, for the calculations at the higher orders of o/ which would
be very lengthy calculations, one may safely assume the base space is flat. The most simple
calculations at order a/® is for superstring theory in which the T-duality transformations have
no deformation at orders o/ and o’?. It would be interesting to perform this calculations at
order o’ in the superstring to find the B-field couplings which are not known in the literature.

If one extends the calculations in the bosonic theory to the order o/, one would find a set
of couplings which are proportional to b; and another set of couplings that their overall factor
is arbitrary. The comparison with the four-point S-matrix elements dictates that this factor
should be ¢(3). At order o', again one should find a set of couplings which are proportional
to by, a set of couplings proportial to ((3) and some other sets of couplings that their overall
factor may be fixed by the corresponding S-matrix elements. Continuing these logic, one would
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find sets of couplings at each order of o/ which are proportional to b;. Hence, one expects
the T-duality constraint produces a set of couplings at each order of o’ that are proportional
to by. They form a complete set of couplings which would be invariant under the T-duality
transformations at all orders of o’. That T-dual set of couplings may have de Sitter solution
[32]. It would be interesting to find this T-dual set.

In this paper, while we have deformed the T-duality transformations, we have assumed
the gauge transformations are the standard diffeomorphisms and B-field gauge transformations
which are the correct transformations in the bosonic and superstring theories. In the superstring
theory b; = 0, hence, the couplings (40) are zero in the superstring theory as expected. On
the other hand, the 60 parameters in (40) do not dependent on the dimension of spacetime.
That does not indicate the result (40) is valid also for the heterotic theory for b = 1/8. The
reason is that in the heterotic theory the B-field gauge transformation is deformed at order o/
which is resulted from the Green-Schwarz anomaly cancellation mechanism [33]. To produce
the heterotic result, one has to add to the couplings (6) the fixed couplings at order o/? which
are resulted from the deformed gauge transformations, i.e., —%QWQQ“”“ where (2 is the three-
form Chern-Simons which can be written in terms of spin connection,

Qva = W’ Owaj;’ + §w[uijwvjkwa]kl ;W = aueﬁjeﬁi - Fuﬁvev]‘fﬁi (41)

where e, e, /n;; = G,. Adding this term, the corresponding T-duality transformations and the
60 parameters in (6) may be fixed in the heterotic theory. We didn’t perform this calculations,
however, one expects all parameters in (6) to be zero. Similar calculation at order o’ has been
done in [27]. The T-duality structure of the couplings in the heterotic theory has been studied
in [34, 35, 36, 37, 38] in the DFT formalism.

There is another deformation of B-field gauge transformations which correspond to the
Chiral string theory [39]. The deformation at order o’ is the same as the deformation in the
heterotic theory in which spin connection is replaced by the Christoffel connection [40]. The low
energy effective action of this theory at the leading order, is given by the T-duality invariant
action (18) and at the order ¢, it is given by the T-duality invariant coupling H**€Q,,,, [41]?
where the three-form Chern-Simons €2,,,, is resulted from the deformed gauge transformation,
i.e.,

2
Qo = I‘[W"’@Fahﬁ%—gf‘[u57FV7’\Fa])\5 (42)

To find the effective action at order o/, one has to add to the couplings (6) the fixed couplings at
order a/?, i.e., —%QWQQW“. Adding this term, the corresponding T-duality transformations
and the 60 parameters in (6) may be fixed in the Chiral string theory by the T-duality constraint
method. It would be interesting to perform this calculation to find the o/>-order terms. This
theory has been studied in the DFT formalism in [42, 43].

In general, both the diffeomorphisms and the B-field gauge transformations may receive
higher derivative deformations in a general gauge invariant higher-derivative theory. One may

3The parameter by, in the parity invariant action (23), corresponding to the Chiral string is b; = 0.
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impose these gauge transformations and the deformed T-duality transformations to study the
effective action of a higher-derivative theory which is invariant under the gauge transformations
and under the T-duality transformations. The effective action at the leading order of o/ is given
by (18). At order o/, the parity invariant part of the effective action would be more general
than the action (23). It would be interesting to find this effective action.

Acknowledgments: This work is supported by Ferdowsi University of Mashhad under
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