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Figure: Deeply Virtual Compton Scattering and Deeply Virtual Meson
Production.
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Factorization

Hard and soft QCD processes contribute? they may be separable.
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Universality

Q: Factorisation proof exists? If yes...

The (perturbatively) calculable hard processes are different, but
the incalculable soft processes are identical.
The large red blobs in both represent the same GPDs
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GPDs

Generalized parton distributions (GPDs), are universal
non-perturbative objects entering the description of hard exclusive
electroproduction processes
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Access to GPDs

• The access to GPDs through DVCS and DVMP is indirect.

• DVCS does not depend directly on GPDs, but on Compton
Form Factors (CFFs)

• Fits to DVCS data have been successfully performed since
2008, providing first quantitative experimental information on
CFFs. Although these fits do not give a final word on the
GPD studies[1602.02763].

• Data: Jefferson Lab (JLab) - COMPASS(CERN) -
Electron-Ion Collider (EIC)
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GPD fitting
GPD phenomenology is much harder (than PDF ph.)

• GPDs depend on more variables (x, ξ, t;µ)

•

•
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GPD fitting
GPD phenomenology is much harder (than PDF ph.)

• GPDs depend on more variables (x, ξ, t;µ)

• They are subject to many constraints(Polynomiality -
Positivity - ...).

•
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GPD fitting
GPD phenomenology is much harder (than PDF ph.)

• GPDs depend on more variables (x, ξ, t;µ)

• They are subject to many constraints(Polynomiality -
Positivity - ...).

• GPD parametrizations: Overlap, Covariant Scattering Matrix
Approach, Double Distributions, Conformal moments,....
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Definition of GPDs

ξ =
p+ − p′+

p+ + p′+
, P =

p+ p′

2
, ∆ = p′ − p, t = ∆2
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Definition of GPDs

ξ =
p+ − p′+

p+ + p′+
, P =

p+ p′

2
, ∆ = p′ − p, t = ∆2

F q(x, ξ, t) = 1
2

∫
dz−

2π eixP
+z−⟨p′| q̄(−1

2z) γ
+q(12z) |p⟩

∣∣∣
z+=0, z=0

= 1
2P+

[
Hq(x, ξ, t) ū(p′)γ+u(p) + Eq(x, ξ, t) ū(p′) iσ

+α∆α
2m u(p)

]
(1)
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Definition of GPDs
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p+ + p′+
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p+ p′
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Definition of GPDs

ξ =
p+ − p′+

p+ + p′+
, P =

p+ p′

2
, ∆ = p′ − p, t = ∆2 (2)

F̃ q(x, ξ, t) = 1
2

∫
dz−

2π eixP
+z−⟨p′| q̄(−1

2z) γ
+γ5 q(

1
2z) |p⟩

∣∣∣
z+=0, z=0

= 1
2P+

[
H̃q(x, ξ, t) ū(p′)γ+γ5u(p) + Ẽq(x, ξ, t) ū(p′)γ5∆

+

2m u(p)
]
(3)
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Constraints
Forward limit

In the forward kinematic limit, p = p′, some GPDs reduce to
standard PDFs,

F q(x, 0, 0) =Hq(x, 0, 0) = θ(x)q(x)− θ(−x)q̄(−x) , (4)

F g(x, 0, 0) =Hg(x, 0, 0) = θ(x)xg(x)− θ(−x)xg(−x) , (5)

F̃ q(x, 0, 0) =H̃q(x, 0, 0) = θ(x)∆q(x) + θ(−x)∆q̄(−x) , (6)

F̃ g(x, 0, 0) =H̃g(x, 0, 0) = θ(x)x∆g(x) + θ(−x)x∆g(−x) . (7)
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Constraints
Discrete symmetries

• Time reversal and hermiticity imply that GPDs are real and

that for all F = F q, F g, F̃ q, F̃ g,

F (x, ξ, t) = F (x,−ξ, t) . (8)

• The fact that the gluon is its own antiparticle implies that

F g(x, ξ, t) = F g(−x, ξ, t) , (9)

F̃ g(x, ξ, t) = −F̃ g(−x, ξ, t) . (10)
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Constraints
Basic Sum Rules

Sum rules are quite important in the GPD phenomenology. The
integrals of GPDs over x are related to the quark contributions to
the elastic form factors,∫ 1

−1
dxHq(x, ξ, t) = F q

1 (t),

∫ 1

−1
dxEq(x, ξ, t) = F q

2 (t),∫ 1

−1
dx H̃q(x, ξ, t) = Gq

A(t),

∫ 1

−1
dx Ẽq(x, ξ, t) = Gq

P (t).
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Many constraints
Ji’s Sum Rules

Ji’s sum rule [9603249] is another landmark GPD property. The
Belinfante energy-momentum tensor Tµν between nucleon states
can be parametrized as,

⟨p′|Tµν |p⟩ = ū(p′)

[
1

2
A(t)γ(µP ν) +B(t)P (µiσν)λ ∆λ

4M

+
C(t)

M
(∆µ∆ν −∆2gµν)

]
u(p) , (11)

where A, B and C are called gravitational form factors, defined for
both the quark and gluon sectors.
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Many constraints
Ji’s Sum Rules

The derivation of Ji’s sum rule starts from the decomposition of
the nucleon spin into its quark and gluon contributions

1

2
=

∑
q

Jq + Jg , (12)

with both terms related to the energy-momentum tensor

Jq,g =
1

2
[Aq,g(t = 0) +Bq,g(t = 0)] . (13)
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Many constraints
Possibility of solution of proton spin problem

The second Mellin moments of the GPDs H and E from this
definition are,∫

dxxHq,g(x, η, t) = Aq,g(t) + 4η2Cq,g(t) , (14)∫
dxxEq,g(x, η, t) = Bq,g(t)− 4η2Cq,g(t) , (15)
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Many constraints
Polynomiality

xj moments of quark GPDs are even polynomials in ξ with leading
powers given in Table 1 and that xj−1 moments of gluon GPDs are
polynomials in ξ with leading powers given in Table 2.

GPD even j odd j

Hq, Eq ηj ηj+1

Hq + Eq ηj ηj−1

H̃q, Ẽq ηj ηj−1

Table: (1) Leading powers of the xj Mellin moments of the twist-2
chiral-even GPDs in the quark sector.

Hadi Hashamipour Weekly meeting Determination of GPDs 20 / 63



INTRODUCTION
BASICS AND DEFINITIONS

PARAMETRIZATION
DATA

RESULTS
Reserve Slides

Shahid Beheshti University

Many constraints
Polynomiality

xj moments of quark GPDs are even polynomials in ξ with leading
powers given in Table 1 and that xj−1 moments of gluon GPDs are
polynomials in ξ with leading powers given in Table 2.

GPD even j odd j

Hg, Eg 0 ηj+1

Hg + Eg 0 ηj−1

H̃g, Ẽg ηj 0

Table: (2) Leading powers of the xj−1 Mellin moments of the twist-2
chiral-even GPDs in the gluon sector.
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Many constraints
Positivity

• Positivity is a strong model-independent constraint.

• Positivity bounds emerge from the definition of the norm on a
Hilbert space, and thus are fundamental properties of
GPDs(and PDFs).

• Positivity bounds are inequalities between GPDs and the
corresponding PDFs at well-defined kinematic configurations

|Hq(x, ξ, t)| ≤

√
q

(
x+ ξ

1 + ξ

)
q

(
x− ξ

1− ξ

)
, (16)
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valence GPDs Gv = Hv, Ev for flavor q are expressed in terms of
“quark GPDs” G as

Gq
v(x, t) = Gq(x, ξ = 0, t) + Gq(−x, ξ = 0, t), (17)
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GPD PARAMETRIZATIONS

• Overlap

• Covariant Scattering Matrix Approach

• Conformal moments

• Double Distributions

• Exponential ansatz (zero skewness)
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GPD

Hadi Hashamipour Weekly meeting Determination of GPDs 25 / 63



INTRODUCTION
BASICS AND DEFINITIONS

PARAMETRIZATION
DATA

RESULTS
Reserve Slides

Shahid Beheshti University

(Polarized) 

PDF
GPD
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(Axial) 
Form Factor

(Polarized) 

PDF
GPD

Hadi Hashamipour Weekly meeting Determination of GPDs 27 / 63



INTRODUCTION
BASICS AND DEFINITIONS

PARAMETRIZATION
DATA

RESULTS
Reserve Slides

Shahid Beheshti University

(Axial) 
Form Factor

(Polarized) 

PDF

Ji
Sum Rule

GPD
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Model

The valence GPDs Hq
v , for example, can be related to ordinary

valence PDFs as

Hq
v (x, t, µ

2) = qv(x, µ
2) exp[tfq(x)], (18)

The profile functions fq(x) can have the simple form

fq(x) = α′(1− x) log
1

x
. (19)
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Model
Parametrization scan

The behavior of profile function f(x) can be well characterized by
the forms

fq(x) = α′(1− x)2 log
1

x
+Bq(1− x)2 +Aqx(1− x), (20)

and

fq(x) = α′(1− x)3 log
1

x
+Bq(1− x)3 +Aqx(1− x)2. (21)
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Axial FF (GA)
Reduced data set
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WACS data
[Danagoulian et al. 07]
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Analysis
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PRD100
PDF uncertainty study
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PRD100
Factorization scale uncertainty study
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PRD100
Model uncertainty study
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PRD100
Simple ansatz fit
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PRD100
Final (pol.) GPSs
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PRD100
Best ansatz fit
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PRD102
PDF study -Valence quarks
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PRD102
Best ansatz fit

Result of simultaneous analysis of GA and WACS data. 1
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PRD102
Best ansatz fit

Result of simultaneous analysis of GA and WACS data. 1
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PRD102
Pol. GPD results - Valence

1

0

0.1

0.2

0.3

0.4
(a) t = 0

0

0.1

0.2

0.3

0.4
(a) t = 0

0

0.1

0.2

0.3

0.4
(a) t = 0

0

0.1

0.2

0.3

0.4
(a) t = 0 (b) t = −0.5 GeV2(b) t = −0.5 GeV2(b) t = −0.5 GeV2(b) t = −0.5 GeV2

0

0.1

0.2

0.3

0.4

0.5

0.001 0.01 0.1 1

(c) t = −1.0 GeV2

0

0.1

0.2

0.3

0.4

0.5

0.001 0.01 0.1 1

(c) t = −1.0 GeV2

0

0.1

0.2

0.3

0.4

0.5

0.001 0.01 0.1 1

(c) t = −1.0 GeV2

0

0.1

0.2

0.3

0.4

0.5

0.001 0.01 0.1 1

(c) t = −1.0 GeV2

0.01 0.1 1

(d) t = −4.0 GeV2

0.01 0.1 1

(d) t = −4.0 GeV2

0.01 0.1 1

(d) t = −4.0 GeV2

0.01 0.1 1

(d) t = −4.0 GeV2

x
H̃

u v
x
H̃

u v
x
H̃

u v
x
H̃

u v

HGG20
HGG19

xxxx xxxx

-0.2

-0.1

0

-0.2

-0.1

0

-0.2

-0.1

0

-0.2

-0.1

0

-0.2

-0.1

0

0.1

0.001 0.01 0.1 1

-0.2

-0.1

0

0.1

0.001 0.01 0.1 1

-0.2

-0.1

0

0.1

0.001 0.01 0.1 1

-0.2

-0.1

0

0.1

0.001 0.01 0.1 1 0.01 0.1 10.01 0.1 10.01 0.1 10.01 0.1 1

x
H̃

d v
x
H̃

d v
x
H̃

d v
x
H̃

d v

xxxx xxxx

1

0

0.1

0.2

0.3

0.4
(a) t = 0

0

0.1

0.2

0.3

0.4
(a) t = 0

0

0.1

0.2

0.3

0.4
(a) t = 0

0

0.1

0.2

0.3

0.4
(a) t = 0 (b) t = −0.5 GeV2(b) t = −0.5 GeV2(b) t = −0.5 GeV2(b) t = −0.5 GeV2

0

0.1

0.2

0.3

0.4

0.5

0.001 0.01 0.1 1

(c) t = −1.0 GeV2

0

0.1

0.2

0.3

0.4

0.5

0.001 0.01 0.1 1

(c) t = −1.0 GeV2

0

0.1

0.2

0.3

0.4

0.5

0.001 0.01 0.1 1

(c) t = −1.0 GeV2

0

0.1

0.2

0.3

0.4

0.5

0.001 0.01 0.1 1

(c) t = −1.0 GeV2

0.01 0.1 1

(d) t = −4.0 GeV2

0.01 0.1 1

(d) t = −4.0 GeV2

0.01 0.1 1

(d) t = −4.0 GeV2

0.01 0.1 1

(d) t = −4.0 GeV2

x
H̃

u v
x
H̃

u v
x
H̃

u v
x
H̃

u v

HGG20
HGG19

xxxx xxxx

-0.2

-0.1

0

-0.2

-0.1

0

-0.2

-0.1

0

-0.2

-0.1

0

-0.2

-0.1

0

0.1

0.001 0.01 0.1 1

-0.2

-0.1

0

0.1

0.001 0.01 0.1 1

-0.2

-0.1

0

0.1

0.001 0.01 0.1 1

-0.2

-0.1

0

0.1

0.001 0.01 0.1 1 0.01 0.1 10.01 0.1 10.01 0.1 10.01 0.1 1

x
H̃

d v
x
H̃

d v
x
H̃

d v
x
H̃

d v

xxxx xxxx

Hadi Hashamipour Weekly meeting Determination of GPDs 50 / 63



INTRODUCTION
BASICS AND DEFINITIONS

PARAMETRIZATION
DATA

RESULTS
Reserve Slides

Shahid Beheshti University

PRD102
Pol. GPD results - Sea
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PRD102
Alternative ansatz for unpol. GPDs
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The helicity correlation parameters ALL and KLL which are
related to the WACS cross section as follows,

ALL = dσ(++) − dσ(+−)
dσ(++) + dσ(+−) ,

KLL = dσ(++) − dσ(+−)
dσ(++) + dσ(+−) . (22)

Massless quarks ↣ ALL = KLL.
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PRD102
Helicity correlation
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Helicity correlation
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PRD102
Proton tomography qv(x, b⃗)

the impact parameter dependent parton distribution related to H
can be defined as follows

qv(x, b⃗) =

∫
d2∆⃗

(2π)2
e−i⃗b.∆⃗Hq

v (x, t = −∆⃗2). (23)
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PRD102
Proton tomography qv(x, b⃗)
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Proton tomography qXv (x, b⃗)

In a transversly polarized proton (specifically x-axis)

qXv (x, b⃗) = qv(x, b⃗)−
by

m

∂

∂b⃗2
eqv(x, b⃗), (24)
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Proton tomography qXv (x, b⃗)
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Shift in ∆qv(x, b⃗)

Note that, in this case, the corresponding shift for the distance
between the struck quark and the spectator system is as follows

sq(x) =
⟨by⟩qx
1− x

, (25)
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PRD102
Shift in ∆qv(x, b⃗)
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PRD102
Pol. proton tomography ∆qv(x, b⃗)

The impact parameter distribution of the longitudinally polarized
quarks in a longitudinally polarized nucleon, ∆qv(x, b⃗) are defined
as follows,

∆qv(x, b⃗) =

∫
d2∆⃗

(2π)2
e−i⃗b.∆⃗ H̃q

v (x, t = −∆⃗2), (26)
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Pol. proton tomography ∆qv(x, b⃗)
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