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Factorization property:
_ " "o
(TT) = (T)(Ty) — (15",
The remarkable feature of these deformations is that they are solvable. Some quan-
tities of the deformed CFT such as energy spectrum can be calculated exactly.

Recently, analogues of it have been studied in higher dimensions and in one di-
mension [Taylor '16, Cardy ’18, Bonelli, Doroud, Zhu ’18, Hartman, Kruthoff,

Shaghoulian, Tajdini '18, Gross, Kruthoff, Rolph, Shaghoulian '19]
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How measures of quantum entanglement are affected in this theory?
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By making a measurement on the first electron, one can find out in which
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How to verify quantitatively the state is entangled or untangled? Consider
a quantum system (QM or QFT) whose Hilbert space is H, and is described
by a density matrix piotai-
Decompose the system into two subsystems A and its compliment B.

H=HiQ@HsB

Then one can define a reduced density matrix ps for the subsystem A, by
tracing out the states of the subsystem B.

PA = TTB (ptotal) - Z <7:‘ptotal‘i>
i€HB
Entanglement Entropy of A is defined as the Von-Neumann entropy for p4
S = —Tr(palogpa)

If S<AEE) = 0, there is no quantum entanglement between the degrees of
freedom inside A and B. Otherwise, they are entangled together.
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akayanagi Formula

Computation of EE in strongly coupled Quantum Field Theories is a very

difficult task!
There is a spacelike, codimension two, minimal surface in the bulk whose

area gives the EE [Ryu | Takayanagi '06 - Maldacena , Lewkowycz 13 |

S(BB) _ Area(T4)
A 4eit

There is a quantum correction to it, which we omit here.

T A
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of both classical and quantum correlations in a bipartite system A U B and
is defined by

I(A, B) = S + S5 — Saus,

It has several interesting properties:
1. It is always non-negative as a result of subadditivity.
2. It is usually finite and independent of the UV cutoff.
3. It shows a first-order phase transition when the two subsystems becomes
far enough from each other.
4. When the distance between the entangling regions goes to zero, it di-

verges.
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Tarrn
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I(A, B) = {25(5) —S(h)—S@2+h) £>h
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constant time slice of the region.
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Entanglement wedge cross section (EWCS) is defined by [Takayanagi, Umem-
oto ’17 - Nguyen, Devakul, Halbasch, Zaletel, Swingle ’17]
By — Area(E%iB“)

4GN ’
Z‘j‘lg’ is a minimal, codimension two, spacelike surface anchored on the connected
RT surface I'gjyp, UL
EWCS has a variety of interesting properties including: It is

» non-negative and finite.
» independent of the UV cutoff.

» undergoes a discontinuous phase transition when the HMI shows a first-order
phase transition.
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» When pap is pure, one has Ew = S4 = Sp.

P it satisfies a variety of inequalities such as

I(A, B)
Ew(pap) > —5

where the inequality is saturated, whenever p4p is pure.
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where the inequality is saturated, whenever p4p is pure.

What is the meaning of the EWCS on the CFT side?
It may give Entanglement of Purification (EoP) for the two subsystems A
and B [Takayanagi, Umemoto '17 - Nguyen, Devakul, Halbasch, Zaletel, Swingle

Ep(paB) = Ew(pap)-

EoP is a good measure of entanglement when the state is mixed and measures both
classical and quantum correlations.

Suppose that the density matrix psp of two subsystems A and B is mixed. By
enlarging the Hilbert space to H 44/ ® Hpp in which A’ and B’ are two arbitrary
subsystems, one can find a pure state |¢)) € H 4 @ Hpp/, such that

paB = Tr 4 pr ) (Y

[1) is called a purification of pap. EoP is defined by [Terhal, Horodecki, Leung,
DiVincenzo ’'02]
Ep(pag) = min S(paar),
) PAB:TrA/B/W))(W (

where pg 4 = Trpp/|¢)(¥| and the minimization is done over all possible purifica-
tions of pap.
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We consider entangling regions in the shape of strips
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HEE for HV Geometry at Zero Temperature and Finite Radial Cutoff

We consider entangling regions in the shape of strips
-2 <z <1/2, 0<m@g3,...,4 <1, t = const.

the area functional is as follows

Tt
Area(T's) = 2Rde71/ e\ 1 4 2 ()2 dr.

Minimizing the above functional gives a relation between 7, and ¢ as follows

The HEE is given by
Rde 1

QGN / 2d
\/ Tt

We consider the two cases d. = 1 and d. # 1, separately.
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HEE for d. =1

For the zero-cutoff case, one has [Dong, Harrison, Kachru, Torroba, Wang "12]
T = —.
2
Moreover, the HEE is given by

R /L\%! ¢
So=— | = log ( =
= a6y (o) ee(0):
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HEE for d. =1

For the zero-cutoff case, one has [Dong, Harrison, Kachru, Torroba, Wang "12]

e = 5
Moreover, the HEE is given by

R /L\%! ¢
So=— | = log (=),
=36y () = (0)

For the finite-cutoff case when d. = 1, one can find r and HEE exactly.

Figure: Left) £ = 0.1 Right) £ = 5.
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HEE for d, # 1

For the zero-cutoff case, one has

v (42

In this case, the HEE is given by [Dong, Harrison, Kachru, Torroba, Wang "12]

de,1 1 2 de—1
So = i — e (7 ) .
2Gn(de — 1)1, | ede—1 ¢

For the finite cutoff case, one has

petl [1 de4+1 3de+1 (rc)“'»}

Tri— ——— 2
2 (de + 1)ry*

T 1 1 1—de det1 [re)2%
-t =1 2F1|5> ) e .
rye rle 2" 2de 2de T
Therefore, one cannot find analytic expressions for r; and S. We calculate them
numerically and perturbatively for

2’ 2d, | 2de T
Rde—l

T 26y (de — 1)

» Very small entangling region: = re > ¢
» Very large entangling region: ¢ = ry > 7.
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For very large entangling region, one has S = Sop + AS where

AS — _ RV (27\* [T,dﬁ-l _ 3(det1) (27)* 3ot
4GN15(d. + 1) \ ¢ ¢ 43d.+1) \ ¢ ¢
A3t 1) (20N gy ]
3(d. + 12T \ ¢ e :

For very small entangling regions, one obtains

g R 1 Kﬁ) & <£)3+ 2 (4d.(39 + 5d.) — 47) (£>5

4GS =T\ re ) 24 \ e 30720 re
N & (5071 — 4d.(2561 + 113d.)) (£ \" L ]
10321920 Te '
s s
0.5
0.4 /
P
0.3 J/
0.2 //
oal /
/
y
100 200 300 400 500 ! 0.5 1.0 1.5 2.0 25 !

Figure: Left) r =10 and de = 2. right) . = 1 and d. = 3.
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HMI for d. =1

For the zero-cutoff case, one has [Fischler, Kundu, "12]
0 L h

Io(A, B) = {Rde—l 2
2T log<h(2£+h)) > h

which is independent of the UV cutoff and when h — 0, one has Iy — oco.
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which is independent of the UV cutoff and when h — 0, one has Iy — oco.
Moreover, there is a first-order phase transition at
0
hO) =2 -1).
It is also independent of the UV cutoff.
For the finite cutoff case, one can find analytic expressions for the HMI

0 LK h
HAB) = § pigior ) (e+vETaz)? (s h
2GyrE ! (h+,/h2+4r§) ((2£+h)+\/(2£+h)2+4r3)

2
herig, = £ <—1 + V2L +2r7) > .

V0 + 60212 + 81k
which depends on 7.
Moreover, when h — 0, HMI is finite
2
Rafd—1 (£+ x/€2+47“%)
— log
26y e (04 /P R)

I(A, B) =
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Figure: Left) . =1 and h = 10. Right) 7 =1 and ¢ = 100.
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and the HMI are decreasing functions of r.
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HMI for d. # 1

In this case. one can only calculate the HMI numerically or perturbatively
for very large or small entangling regions.

08
/ 0.0030
— d= 0.0025
06 de=15 — do=1.5

=2 0,0020 de=2

—— dp=3 e d=

04 0.0015 de=3

— dg=4 — dg=4

—— de=5 0.0010| — =

0.2 de=5
0.0005|

I h
1 2 3 4 P 001 002 003 004 005 006 007

Figure: Left) h=0.1 and 7. = 1. Right) £ =1 and r. = 10.
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HMI for d. # 1

In this case. one can only calculate the HMI numerically or perturbatively
for very large or small entangling regions.

08
/ 0.0030
— dg=15 0.0025

06 de=1.5 — dg=15

de=2  0.0020 dp=2

— dy=3 o dg=

04 0.0015] de=3

— et — do=t

— de=5  0.0010 R

02 do=5
0.0005

h
0.01 002 003 004 005 006 0.07

I
F

Figure: Left) h=0.1 and 7. = 1. Right) £ =1 and r. = 10.

1
0.0035.

0.0030
0.0025
0.0020
0.0015
0.0010
0.0005

Figure: £ = 10, h=>5 and d. = 3.

It is a decreasing function of r.. 19/30



HMI for Very Large ER: £ > r,

0 Y4 h
I(A, B) = <
Iy+AI {¢>h
where [Fischler, Kundu, "12]
drd—1
Iy = RL T I(d. — 1),

2Gyr(de — 1)

=23 () ()"

Ip is independent of the cutoff r.. Moreover, it goes to infinity when h — 0.
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HMI for Very Large ER: £ > r.

0 Y4 h
I(A, B) = <
Iy+AI {¢>h
where [Fischler, Kundu, "12]
drd—1
Iy = RL T I(d. — 1),

2Gyr(de — 1)

I(n) =2 @)"7 (%)"7 (2£2+h)n'

Ip is independent of the cutoff r.. Moreover, it goes to infinity when h — 0.

drd—1 de 1
Al = LTQ% rdet1|7(2d,) — 3(de+1) T(4d,) (Yre)2%
4GnTE(de +1) 4(3de+1)
de(gdﬁ + 1) 2(d,
_ 2T T ) T4d, 4+ 2) (Trp)2(detD) oo
3(d. 12y Lde+2) (Tre) +
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drd—1
Iy = RL T I(d. — 1),

2Gyr(de — 1)

I(n) =2 @)"7 (%)"7 (2£2+h)n'

Ip is independent of the cutoff r.. Moreover, it goes to infinity when h — 0.

drd—1 de 1
Al = LTQ% rdet1|7(2d,) — 3(de+1) T(4d,) (Yre)2%
4GnTE(de +1) 4(3de+1)
de(gdﬁ + 1) 2(d,
— 27 T2 T(4de + 2) (Trp)2(detD) o
S e Tde+2) (Tr) +

For d. = 2, one has

hesit, = B, + e[ —0.844 (%)3 —5.38 (%)6

+5.16 (%)7 +5.74 (%)9 ~ 88.0 (%)10 4 } ,
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Figure: Left) h= 1.2 x 10%, . = 1 and d. = 3. Right) £ = 10%, r. =1 and d. = 3.
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HMI for Very Small ER: ¢ < 7,

0 (<h
I(A’B)_{J > h
where
s RIL™Y &2 | 1 K@3) N (4d.(39 + 5d.) — 47) K(5)
* 4G, 124 43 30720 ™

de(5071 — 4d.(2561 + 113d.)) IC(7) N

+ 10321920 A

and KC(n) is defined as follows
K(n)=20"— (204 h)" — h".
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where
I RIL™Y &2 | 1 K@3) N (4d.(39 + 5d.) — 47) K(5)
* 4G, 24 13 30720 ™

 de(B071 — 4d.(2561 + 113d.)) IC(7) N
10321920 rc

and KC(n) is defined as follows
K(n)=20"— (204 h)" — h".
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Figure: Left) h=10"2,£=10"" and d. = 3. Middle) h= 1075, r. = 1 Right)

£=01,r.=1
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EWCS

We calculate the EWCS for two parallel strips with equal widths ¢ which
are separated by the distance h.

RALA-1 [re(2e+h) g
Ew= o7 g
4GN ol re(h) ree
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when the strips are far enough from each other, the EW is disconnected. In

this case, there is no minimal surface ¥}, and hence Ew = 0.
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We calculate the EWCS for two parallel strips with equal widths ¢ which
are separated by the distance h.

Ripd—1 pr@e+h) g
Ew=—4 —,
4GN7% r¢(h) rde
when the strips are far enough from each other, the EW is disconnected. In

min

this case, there is no minimal surface ¥}, and hence Ew = 0.
For d. = 1 and the zero cutoff case, one obtains

RAL41 2+ h
B = 1
w 4GN7€;~ og h )

For d. = 1 and the finite cutoff case, one has

RépA-1 lop [ 2L+ h)? + 412
sGyit, B\ myaz )

Ew =

» Fyw depends on the cutoff r..

» FEyw is independent of the dynamical exponent z and depends on the
hyperscaling violation exponent 6.
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Figure: Left) =10 and h = 1. Right) h= 0.1 and 7. = 1. Down) £ = 10 and
re = 1.
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» where the HMI undergoes a first-order phase transition, Ew is smooth
and its concavity changes.
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» where the HMI undergoes a first-order phase transition, Ew is smooth
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» similar to the zero cutoff case, by increasing the distance h, Ew — 0.
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Figure: Left) =10 and h = 1. Right) h= 0.1 and 7. = 1. Down) £ = 10 and
re = 1.

» where the HMI undergoes a first-order phase transition, Ew is smooth
and its concavity changes.

» similar to the zero cutoff case, by increasing the distance h, Ew — 0.

» in the limit h — 0, EY, diverges. However, Ew remains finite in this
limit.
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re = 1.

» where the HMI undergoes a first-order phase transition, Ew is smooth
and its concavity changes.

» similar to the zero cutoff case, by increasing the distance h, Ew — 0.

» in the limit h — 0, EY, diverges. However, Ew remains finite in this
limit.

» in the limit A — oo, Ew becomes zero which has the same behavior as
in the zero cutoff case.
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Figure: Left) =10 and h = 1. Right) h= 0.1 and 7. = 1. Down) £ = 10 and
re = 1.

>

>
>

where the HMI undergoes a first-order phase transition, Ew is smooth
and its concavity changes.

similar to the zero cutoff case, by increasing the distance h, Ew — 0.
in the limit » — 0, EY, diverges. However, Ew remains finite in this
limit.

in the limit A — oo, Ew becomes zero which has the same behavior as
in the zero cutoff case.

Ew > @ is valid for all values of the cutoff.
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EWCS for d. # 1

B, — R I 1
YT G (de — 1) (W) T e+ R

25 /30



EWCS for d. # 1

drd—1
. R'L [ 1 1 }

T AGN(de — 1) | ()3T T (20 + hyde—1
For the zero-cutoff case, one has
Rde71

_ de—1 _
w — 4GNT‘?;(de _ 1) (2T) g(dc 1)7

where
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EWCS for d. # 1

B, — R I 1
YT G (de — 1) (W) T e+ R

For the zero-cutoff case, one has
Rde71 a1
=———(2)" " &(d. — 1),
RPToR Tr et L MU

where
1 1
En)=—— ———.
A TR TR
similar to the d. = 1 case, E}, is infinite when h — 0. Furthermore, in the
limit A — oo, it becomes zero. Moreover, it is independent of the cutoff.
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EWCS for d. # 1

B, — R I 1
YT G (de — 1) (W) T e+ R

For the zero-cutoff case, one has
Rde71 a1
=——(2"0)%* " &(d. — 1),
RPToR Tr et L MU
where
1 1
En)=—— ———.
A TR TR
similar to the d. = 1 case, E}, is infinite when h — 0. Furthermore, in the
limit A — oo, it becomes zero. Moreover, it is independent of the cutoff.

— Eyfor do=2
— Ewforde=3

— Epfor do=2
— Ewforde=3

----- L for dp=2
2

,,,,, 1 =
Lfor dy=3

h
5 10 15 20

Figure: Left) h=0.1 and 7. = 1. Right) £ =10 and r. = 5. 2530



Figure: Left) £ =5, h=1 and de = 2. Right) £ =1, h=0.1 and d. = 5.
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Figure: Left) £ =5, h=1 and de = 2. Right) £ =1, h=0.1 and d. = 5.

» It is a decreasing function of the cutoff.
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Figure: Left) £ =5, h=1 and de = 2. Right) £ =1, h=0.1 and d. = 5.

» [t is a decreasing function of the cutoff.
» It is finite when . — 0, and goes to zero when . — .

> Eyw > @ is valid for all values of the cutoff.
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Figure: Left) £ =5, h=1 and de = 2. Right) £ =1, h=0.1 and d. = 5.

» [t is a decreasing function of the cutoff.
» It is finite when . — 0, and goes to zero when . — .
> By > @ is valid for all values of the cutoff.

On the other hand, one can find analytic expressions for very large and
small entangling regions.
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Very small cutoff (¢,h>> r.): one can find AEw = Ew — Ej as follows

B RdL(i—l(2T)dg—1

de
AEw=
YT 4G (d, + 1)

 ~de de+1
Y% (2r,) 5(2d6)+(d6+1)

T2% (2r,)2 %t g(3d, + 1)

de(3de +1) 34 3(de+1)
- T ¢ c ¢ e 1
SR @) e + 1)

d.(2d, +1)(3d. + 1)

T (2r,) eV e (5d, +3) +-- - |.
6(de +1)° (2r) (5d.+3) +

when r. = € — 0, it becomes zero.
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Very small cutoff (¢,h>> r.): one can find AEw = Ew — Ej as follows

B RdL(i—l(2T)dg—1

de
ABy=
YT 4G (d, + 1)

| pde (o, ydet1
T (2r;) &(2d.) + @ +1)

2% (27,)2 %t g(3d, 4 1)

de(3de +1) 54 3(det1)
— LY (27, ¢ .+ 1
S T ) e 2, + 1)

do(2d. + 1)(3d. + 1)

Y4de(2p )4tV e(54, +3) + ... |.
6(do + 177 (2r.) (5de + 3) +

when r. = € — 0, it becomes zero.
Very large cutoff (¢,h < r.): one finds
R 4. E(-2) N de(de +5) E(—4)

Ew = -
YT 326N T 2 48 i

 d2(4d.(de + 1) 4 175) £(—6)
9216 78

N d3(625 — 4d.(39 + de(d. — 12))) E(—8)
147456 7%

Therefore, when r. — 0o, one has EFw — 0.
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Conclusions:

We considered a HV geometry at finite temperature and radial cutoff which
might be considered to be dual to a T7T-like deformed of HV QFT. We
calculated HEE, HMI and EWCS for entangling regions in the shape of strips.
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Conclusions:

We considered a HV geometry at finite temperature and radial cutoff which
might be considered to be dual to a T7T-like deformed of HV QFT. We
calculated HEE, HMI and EWCS for entangling regions in the shape of strips.
For HEE, it was observed that:
» the turning point depends on the cutoff, in contrast to the zero cutoff
case.

» HEE is a decreasing function of r..
Furthermore, the HMI shows interesting behaviors:

» It is a decreasing function of the cutoff r., and goes to zero in the limit
r. — 00. It is in contrast to the zero cutoff case.

> It still shows a first-order phase transition, and the critical length hcyit.
becomes larger by increasing d.. Moreover, herit. depends on the cutoff
and decreases by increasing 7. It is in contrast to the zero cutoff case
where herit. is independent of the cutoff.

» When h — 0, the HMI remains finite. It is in contrast to the zero cutoff
case where the HMI diverges in the limit A — 0.

» Since the HEE is independent of the dynamical exponent z, the HMI
also shows the same behavior.
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We also considered EWCS for two disjoint parallel strips:

» It is a decreasing function of the cutoff and goes to zero in the limit
r. — 00. It is in contrast to the zero cutoff case where Ew is independent
of re.
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We also considered EWCS for two disjoint parallel strips:

>

>
>

It is a decreasing function of the cutoff and goes to zero in the limit
r. — 00. It is in contrast to the zero cutoff case where Ew is independent
of re.

It is a smooth function of both ¢ and A, and at the point hcrit. where
the HMI undergoes a phase transition, it does not show a discontinuous
phase transition. It is in contrast to the zero cutoff case. However, at
herit. the concavity of Ew changes.

By increasing the distance h, Ew goes to zero, similar to the zero cutoff
case. However, in the limit h — 0, E'w remains finite, which is in contrast
to the zero cutoff case where Ew diverges in this limit.

Ew > @ is satisfied for all vales of the cutoff r. as well as £ and h.

It is independent of the dynamical exponent z.

Furthermore, for z = 1 and § = 0, the Lorentz and scaling symmetries
are restored and the background becomes an AdS.y2 spacetime in Poincaré
coordinates. Therefore, all of our results can be applied for an AdSi42, if
one sets 0 = 0.
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Thank you very much
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