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Entanglement Measures

Entanglement state: Quantum entanglement is a quantum mechanical
phenomenon in which the quantum state of each subsystem of the multi-partite
system cannot be described independently.
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Entanglement Measures

I For bipartite pure state the well-known entanglement measures are Rényi
and entanglement entropies.

I For bipartite quantum system A ∪B, the nth Rényi entropy (RE) is
defined as

Sn ≡
1

1− n log Tr(ρA)n (1)

where ρA = TrBρ is the reduced density matrix of subsystem A. EE is
given by SE = −TrρA ln ρA = limn→1 Sn.
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Replica trick and QFTs

I dim H =∞ in QFT

I The computation of the EE often based on the replica trick, by
introducing n copies of the system.

I We take Pure state: ρ = |Ψ〉〈Ψ|
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Replica trick and QFTs

I dim H =∞ in QFT

I The computation of the EE often based on the replica trick, by
introducing n copies of the system.

I Tr(ρA)n = Zn
Zn1

. Zn is a partition function on the covering space

/replicated geometry Rn.

I Based on the path integral language, the calculation of Sn reduces to
computing the partition function on a Riemann surface geometry Rn.
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Symmetry Resolved Entanglement Entropy

Symmetry Resolved Entanglement Entropy

I Suppose our system have an internal symmetry, e.g., U(1) symmetry, that
is generated by the charge operator Q̂. We assume the state ρ of the
system is the eigenstate of the symmetry generator Q̂, then [ρ, Q̂] = 0.
And Q̂ = Q̂A ⊕ Q̂B , where Q̂i (i = A,B) is the charge in the subsystem i.

I For a bipartition of the total system into two subsystems A and B, by
taking the trace over the degrees of freedom of B of [ρ, Q̂] = 0, we find
that [ρA, Q̂A] = 0. Therefore, ρA is block-diagonal according to
eigenvalue QA of charge operator Q̂A,

ρA =
⊕
QA

Πq ρ =
⊕
QA

P (QA)ρA(QA), (2)

where ΠQA is the projector on the sector of Q̂A with eigenvalue QA, and
P (QA) ≡ Tr(ΠQAρA) is the probability that measurement of the charge
Q̂A in region A be QA.
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Symmetry Resolved Entanglement Entropy

By definition:

I Symmetry resolved Rényi entropies are defined as

Sn(q) ≡ 1

1− n log TrρnA(QA). (3)

I Symmetry resolved entanglement entropy is defined as

S(Q) = −TrρA(QA) ln ρA(QA). (4)
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Symmetry Resolved Entanglement Entropy

Main idea behind the SRE:

I We block diagonalize the reduced density matrix of the subsystem into
different sectors of fixed charge and then finds the entropy of each sector
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Symmetry Resolved Entanglement Entropy

I Total entanglement entropy is the sum of the contributions of individual
charge sectors,

SE =
∑
QA

P (QA)S(QA)−
∑
QA

P (QA) log(P (QA)) = Sc + Sn. (5)

I Sc is the configurational entropy, which measures the average of the
entanglement in each charge sector.

I Sn is called number entropy, which quantify the entropy due to the
fluctuations of the charge within subsystem A.
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Symmetry Resolved Entanglement Entropy

I Theoretical framework to evaluating the contribution of each symmetry
sector by relating the symmetry-resolved entanglement entropy to the
Fourier transform of partition function on the n-sheet Riemann surface
with generalized Aharonov-Bohm flux:

Charged moments:

Zn(α) = trρnAe
−iαQ̂A , (6)
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Symmetry Resolved Entanglement Entropy

I Theoretical framework to evaluating the contribution of each symmetry
sector by relating the symmetry-resolved entanglement entropy to the
Fourier transform of partition function on the n-sheet Riemann surface
with generalized Aharonov-Bohm flux:

Zn(QA) =

∫ π

−π

dα

2π
Zn(α)e−iαQA , (7)

I Symmetry-resolved Rényi and entanglement entropies can be obtained as :

Sn(QA) =
1

1− n log

[
Zn(QA)

Zn1 (QA)

]
, (8)

S(QA) = limn→1 Sn(QA). Probability is then P (QA) = Z1(QA).
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Universal Thermal correction

I It is well known that entanglement entropy is a good entanglement
measure for quantum systems in their ground state. However, the real
world not lying at a zero temperature regime, and hence, the
entanglement entropy is no longer proper for thermal states.

I At finite temperature, the entanglement entropy of subsystem A is
contaminated by thermal fluctuation and, in fact, in the high-temperature
limit becomes dominated by thermal entropy.

I To determine the quantum entanglement of the thermal systems, one
should subtract off the thermal contribution to entanglement entropy.

I For the systems with the mass gap mgap, it is conjectured that, in the limit
βmgap � 1, these corrections scale as e−βmgap .

I By putting the conformal field theory on the cylinder and introducing the
mass gap between the ground state and the first excited state through the
finite size of the system, the coefficient of the Boltzmann factor can be
computed, which are universal and depend on the size of the mass gap
and the degeneracy of the first excited state.
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Universal Thermal correction

The interesting questions that motivated this work are:

I What are the thermal corrections to the contribution of individual system
charge sectors? How are these corrections scale?

I If these corrections are universal, what are their physical meaning?

In this work, we are addressing these questions. We introduce the thermal
charged moments, we derive the low-temperature expansion of it. We find that
these thermal corrections are encoded in the four-point function of primary
fields, the scaling dimension of the lowest weight primary field, and its
degeneracy. Consequently, we can find the thermal corrections to the
symmetry-resolved Rényi and entanglement entropies. We also obtain thermal
corrections to the full counting statistics of the ground state (FCS) and find
that the fluctuations of probabilities scale as e−2π∆ψβ/L.
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Thermal charged moments and universal corrections

The main quantity for computing the symmetry-resolved entanglement entropy
is charge moments Zn(α). So to calculate the thermal corrections, we
introduce the thermal charged moments.

I The thermal density matrix ρ = e−βH

tre−βH
, where β and H are the inverse

temperature and the Hamiltonian, respectively. The thermal density
matrix can be written as a Boltzmann sum via introducing a complete set
of states: ρ = 1

tre−βH

∑
|φ〉 |φ〉〈φ| e

−βEφ .

I The low-temperature expansion of thermal density matrix becomes as

ρ ∼ ρ0 + e−2π∆ψβ/L (ρψ − ρ0) , (9)

I Accordingly, the low-temperature expansion of reduced density matrix
becomes as

ρA ∼ ρ0,A + e−2π∆ψβ/L (ρψ,A − ρ0,A) , (10)

where ρ0,A = TrB(|0〉〈0|) and ρψ,A = TrB(|ψ〉〈ψ|). The ∆ψ is the
smallest scaling dimension of primary operator, ψ (w).
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Thermal charged moments and universal corrections

I We define the thermal charged moments as:

Thermal charged moments

Z(th)
n (α) = Tr

(
ρnAe

iαQ̂A
)

= Z(0)
n (α) + nZ(0)

n (α)e−2π∆ψβ/LFn(α) (11)

I The first term is nothing but the charged moments at zero temperature
that gives the resolved-symmetry entanglement entropy for a finite system

Z(0)
n (α) = cn,α

[
L

π
sin

(
π`

L

)] 1−n2

6n
−2

∆V
n

,

(12)

where cn,α is non-universal constant, ` is the length of A, and ∆V denotes
the scaling dimension of the operator V generating the Aharonov-Bohm
flux.
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Thermal charged moments and universal corrections

Fn(α) is defined as:

Fn(α) =Mn(α)− 1, where Mn(α) =
tr
(
ρn−1

0,A ρψ,Ae
iαQ̂A

)
tr
(
ρn0,Ae

iαQ̂A

) . (13)

The denominator is the charged moments at zero temperature. The nominator
is a new term. It can be interpreted as a correlation function in the presence
Aharanon-Bohm flux, which then takes the following form,

Mn expression

Mn =
〈VαV−αψψ〉Rn

〈VαV−α〉Rn 〈ψψ〉R1

(14)

The numerator term is a four-point function of two Vα and two ψ in the
replicated geometry Rn. The denominator terms are two two-point functions
of the Vα in the replicated geometry Rn and ψ in the original geometry R1,
cylinder.
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Thermal charged moments and universal corrections

I Through the uniformizing map which takes the multisheeted cylinder to
the plane, we can evaluate these correlation functions on the plane.

ζ(n) =

(
e2πiw/L − eiθ2
e2πiw/L − eiθ1

)1/n

. (15)

I This map takes the multisheeted cylinder to the plane. The parameters θ1

and θ2 are selected so that θ2 − θ1 = 2π`
L

. Subsequently, the insertion
points of the primary fields on the jth cylinder at the points t = −∞ and
t =∞ are transformed to the points ζ

(n)
4 ≡ ζ(n)

−∞ = ei(θ2−θ1)/n+2πij/n

and ζ
(n)
3 ≡ ζ(n)

∞ = e2πij/n, respectively, on the ζ(n) plane. While the
operators on the end points of the interval are mapped to the points
ζ

(n)
1 =∞ and ζ

(n)
2 = 0 on the ζ(n) plane.
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Thermal charged moments and universal corrections

Main relation:

Mn expression

Mn(α) =
1

n2∆ψ

sin2∆ψ (πx)

sin2∆ψ (πx/n)
Gn,α(z, z̄) (16)

I where x = l
L

, z =
ζ
(n)
12 ζ

(n)
34

ζ
(n)
14 ζ

(n)
23

, and z̄ =
ζ̄
(n)
12 ζ̄

(n)
34

ζ̄
(n)
14 ζ̄

(n)
23

.

I All information about the thermal corrections to the charged moments and
the symmetry-resolved entanglement entropy, is encoded in the Gn,α(z, z̄).
It can be regarded as the building block of our computations.
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Full Counting Statistics

I Thermal charged moments can be defined as a generating function of FCS
at finite temperature. FCS defines the distribution probability of conserved
charge in the subsystem A with length l.

I It can be defined via generating function

Z1(α) ≡ χ(α) =

∞∑
QA=−∞

P (QA)eiαQA =
〈
eiαQ̂A

〉
, (17)

which encodes all the cumulants Cm,

lnχ(α) =

∞∑
QA=1

(iα)mCm
m!

, (18)

where Cm = (−i∂α)m lnχ(α). Cm describe properties of the distribution

probability P (QA). For example, the mean C1 =
〈
Q̂A
〉

, the fluctuations

C2 =

〈(
Q̂A −

〈
Q̂A
〉)2

〉
, and so on.
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I We derive the thermal corrections to the FCS. Let us first define the
quantity:

fn(α, T ) =
Z(th)
n (α)

Z(0)
n (α)

= 1 + nFn(α)e−2π∆ψβ/L. (19)

I If we take a logarithm of fn(α, T ), we reach the universal quantity
gn(α, T ) = log fn(α, T ) that can be used to define the excess-cumulant
generating function, such that, its different derivative in α = 0 gives the
excess of various moments of Q̂A
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Therefore,

FCS

∆Cn,m = (−i∂α)m gn(α, T )|α=0

=
ge−2π∆ψβ/L

n2∆ψ−1

sin2∆ψ (πx)

sin2∆ψ
(
πx
n

) (−i∂α)mGn,α(z, z̄)|α=0. (20)

The above relation, for ∆C1,m = ∆(∆QmA ) with ∆QA = QA − 〈Q̂A〉, denotes
that the exceed-FCS depend on the mass gap, degeneracy, and the field
content of the theory.
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The symmetry-resolved thermal partition function becomes

symmetry-resolved thermal partition function

For a given scale µ2
0,

Z(th)
n (QA) = Z(0)

n (QA)
[
1 + gnFn(QA)e−2π∆ψβ/L

]
, (21)

Fn(QA) =
1

n2∆ψ

sin2∆ψ (πx)

sin2∆ψ
(
πx
n

) Xn(QA)

Z(0)
n (QA)

− 1, (22)

and

Xn(QA) =

∫ π

−π

dα

2π
Z(0)
n (α)Gn,α(z, z̄)e−iαQA . (23)

The leading correction term to the probability distribution of charge in each
sector can be obtained by P (th)(QA) = Z(th)

1 (QA). FCS was previously
calculated for the ground state. It was also calculated for the excited state in
free compact boson. Here, we derived thermal corrections for the FCS for any
two dimensional conformal field theory.
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Probability Fluctuation

We define the quantity:

gn(QA, T ) = log fn(QA, T ) = ngFn(QA)e−2π∆ψβ/L. (24)

where fn(QA, T ) = Z(th)
n (QA)

Z(0)
n (QA)

.

symmetry-resolved thermal partition function

By choosing n = 1, we find ,

g1(QA, T ) =

(
X1(QA)

Z(0)
1 (QA)

− 1

)
ge−2π∆ψβ/L., (25)

This quantity represent the probability fluctuations. In other words, it expresses
that the ratio of the probability of finding a charge QA at inverse temperature
β to it’s value at zero temperature scales as e−2π∆ψβ/L. Its coefficient
depends on the degeneracy of the first excited state, charge of the sector, and
field content of the theory.
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Entanglement Measures

In general, the thermal correction to the symmetry-resolved Rényi and
entanglement entropies take the following forms:

Symmetry-Resolved Entanglement Measures

δSn(QA) =
ng

1− n

[
1

n2∆ψ

sin2∆ψ (πx)

sin2∆ψ
(
πx
n

) Xn(QA)

Z(0)
n (QA)

− X1(QA)

Z(0)
1 (QA)

]
e−2π∆ψβ/L,

(26)

δSE(QA) = g

[
2∆ψ (1− πx cot (πx))

X1(QA)

Z(0)
1 (QA)

+ ∂n

(
Xn(QA)

Z(0)
n (QA)

)
|n=1

]
e−2π∆ψβ/L.

(27)
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Entanglement Measures

I Symmetry sector corrections scales as e−2π∆ψβ/L.

I Their coefficients, besides the size of the mass gap and degeneracy of the
first excited state, depending on the four-point correlation function of
primary fields.

I Compared to the total entanglement entropy, the scaling of these sectors
is similar to the scaling of the total entanglement entropy, except that the
correction scaling coefficients depend only on the mass gap and the
degeneracy of the excited state and are independent of the charge of the
sector
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Example

I As a example, we specialize to compactified massless bosons with c = 1.

I In this CFT, there are two holomorphic primary fields, vertex operator

Vβ = eiβ̃φj and derivative operator i∂φ, with scaling dimensions

hV = K β̃2

2
and hi∂φ = 1, respectively. The Luttinger parameter K is

related to the compactification radius via the bosonization relation.

I The lowest scaling primary field depends on range β̃ that is determined via
Luttinger parameter K.

Mostafa Ghasemi Weekly Seminar Universal Thermal Corrections to SRE and FCS 31 / 36



Title
Entanglement Measures

Symmetry Resolved Entanglement Measures
Universal Thermal Correction to Symmetry Resolved Entanglement Measures

Full Counting Statistics
The symmetry-resolved thermal partition function

Entanglement measures
Example

Conclusion

School of Particles and Accelerators

Example

I If the excited state generated by the vertex operator Vβ̃ = eiβ̃φj , we find

that Gn,α(z, z̄) = e−iK
αβ̃x
n It follows that, the exceed-cumulant

generating function is gn(α, T, x) = −iKαβ̃x/n ), which is universal.

∆C1,m = g(−Kβ̃x)me−Kπβ̃
2β/L. (28)

I The fluctuations (and all the other cumulants) are derived by putting
n = 1. With n = 1,m = 2 and ∆QA = QA − 〈Q̂A〉, implies that the
excced in the variance in the conserved charge(number of particles) is

(∆QA)2 = g(Kβ̃x)2e−Kπβ̃
2β/L.
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Example

I If the excited state is induced by the derivative primary operator i∂φ, as a
generator of low-dimensional primary state, the conformal block is

Derivative Operator i∂φ

Gn,α(z, z̄) = 1−K
(α
π

)2

sin2
(πx
n

)
(29)

The only non-zero exceed- cumulant is second cumulants, which is specify the
charge fluctuation

Cumulant

∆Cn,2 =
2gK

n

sin2 (πx)

π2
e−2πβ/L, (30)
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Probability Fluctuations

g1(QA) =
K sin2 (πx)

π2σ2
1

((
QA
σ1

)2

− 1

)
e−2πβ/L (31)

It denotes the probability fluctuations. And

Symmetry-Resolved Entanglement Entropy

δSE(QA) = δSE + B(QA)e−2πβ/L,

B(QA) =
(
3 sin2 (πx)− π(1 + x) sin (2πx)

) 1

ln(l)

+
(
−4π sin2 (πx) + π(1 + x) sin (2πx)

) πQ2
A

K ln(l)2
. (32)

We see that the thermal corrections of the charge-sector contributions, at order
ln(l)−2, are charge-dependent.
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Conclusion

I In this work, we have derived a formula for thermal corrections to the
symmetry-resolved Rényi and entanglement entropies for general
two-dimensional conformal field theories on a circle.

I Besides the size of the mass gap and the degeneracy of the first excited
state, these terms depend only on the four-point function of primary fields.
It is worth noting that, until now, these thermal corrections have only been
studied in the free case, whereas we found it for any two-dimensional CFT.

I Specially, we have derived the thermal corrections to full counting
statistics, and the excess-cumulant generating function.
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Conclusion

I We also have obtained the probability fluctuation, which is defined as the
ratio of the probability of finding a charge QA at inverse temperature β to
it’s value at zero temperature scales as e−2π∆ψβ/L. Its coefficient depends
on the degeneracy of the first excited state, charge of the sector, and field
content of the theory.

I We have explicitly evaluated thermal corrections for the entanglement
entropy and FCS in the free compact boson theory for both derivative and
vertex operators. We have found that in the first case, the entanglement
equipartition break at order of ln(l)−2.

I We also obtain thermal corrections to the full counting statistics of the
ground state and find that the fluctuations of probabilities scale as
e−2π∆ψβ/L, where ∆ψ is the scaling dimension of the lowest weight states.

Thank You
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