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Magnetic field:

• The Universe is magnetized on all scales that we have observed so far,
planets, stars, galaxies, and galaxy clusters.

• galaxies → B ∼ 10−6G &, λc ∼ kpc.

• Intra-cluster medium (ICM) in clusters → B ∼ (1− 10)10−6G &,
λc ∼ (10− 100)kpc.

• Intergalactic medium (IGM) → B ∼ (10−16 − 10−9)G &, λc ∼ Mpc.
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Magnetogenesis models:
• Astrophysical models ( Biermann Battery mechanism, Dynamo

Mechanism ,...)
• Models based on early universe processes (Inflationary scenario, Phase

transition, Asymmetries in the early Universe)

In fact, the matter-antimatter asymmetry generation and the
(hyper)magnetogenesis are strongly intertwined via these hypercharge
Abelian anomalous effects, ∂µj

µ ∼ YµνỸ
µν ∼ ~EY . ~BY .

(a) (b)
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Baryon asymmetry:

• Our Universe contains more matter (baryons) than the antimatter (antibaryons)
with the measured baryon asymmetry of the order η ∼ 10−10.

• Sakharov stated three necessary conditions for generating the BAU:
(i) baryon number violation,
(ii) C and CP violation,
(iii) departure from thermal equilibrium.
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Anomalous current:
• CME: The chiral magnetic effect refers to the generation of an electric current

parallel to the magnetic field in an imbalanced chiral plasma, Jµcm,r =
rQ2

r
4π2 µr

~BY .

• CVE: The chiral vortical effect, generically induced by the rotation of chiral
matter, refers to the generation of an electric current parallel to the vorticity field,
~Jcv,r = rQr

(
T 2

24
+

µ2
r

8π2

)
~ω.

In presence of these anomalous currents the ordinary Magneto Hydro Dynamic equations
(MHD) promote to the Anomalous Magneto Hydro Dynamic (AMHD) equations.

S. Abbaslu Title Without Rambling August 17, 2022 6 / 30



Introduction CME & CVE AMHD The CVE NHHMF Results and conclusion

Anomalous MagnetohHydroDynamics:
The energy-momentum tensor Tµν and the total electric current Jµ are given by

Tµν = (ρ+ p)uµuν − pgµν +
1

4
gµνFαβFαβ − F νσFµσ + τµν , (1)

Jµ = ρelu
µ + Jµcm + Jµcv + νµ, (2)

Jµcm =
∑
i=l,q

(QRiξB,Ri + QLiξB,Li)B
µ = cBB

µ, (3)

Jµcv =
∑
i=l,q

(QRiξv,Ri + QLiξv,Li)ω
µ = cvω

µ (4)

νµ = σEµ (5)

where, uµ = γ (1, ~v/R) is the four-velocity of the plasma normalized such that
uµuµ = 1. νµ and τµν denote the electric diffusion current and viscous stress
tensor, respectively. Bµ = (εµνρσ/2R3)uνFρσ is the magnetic field four-vector,
Eµ = Fµνuν is the electric field four-vector, and ωµ = (εµνρσ/R3)uν∇ρuσ is the
vorticity four-vector, with the totally anti-symmetric Levi-Civita tensor density
specified by ε0123 = −ε0123 = 1.
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ξB,R =
QRµR

4π2

[
1− 1

2

nRµR

ρ+ p

]
− 1

24

nRT
2

ρ+ p
' QRµR

4π2
, (6)

ξB,L = −QLµL

4π2

[
1− 1

2

nLµL

ρ+ p

]
+

1

24

nLT
2

ρ+ p
' −QLµL

4π2
, (7)

ξv,R =
µ2
R

8π2

[
1− 2

3

nRµR

ρ+ p

]
+

1

24
T 2
[
1− 2nRµR

ρ+ p

]
' µ2

R

8π2
+

1

24
T 2, (8)

ξv,L = − µ2
L

8π2

[
1− 2

3

nLµL

ρ+ p

]
− 1

24
T 2
[
1− 2nLµL

ρ+ p

]
' − µ2

L

8π2
− 1

24
T 2. (9)
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The equations of AMHD consist of:

• The Maxwell’s equations:

∇µFµν = Jν , Fµν = ∇µAν −∇νAµ

∇µF̃µν = 0, F̃µν =
1

2R3
εµναβFαβ ,

(10)

• The energy-momentum conservation

∇µTµν = 0, (11)

• Anomaly equations:
∇µjµR,L = CR,LEµB

µ, (12)

jµR = nRu
µ + ξB,RB

µ + ξv,Rω
µ + V µ

R ,

jµL = nLu
µ + ξB,LB

µ + ξv,Lω
µ + V µ

L ,
(13)

where ∇µ is the covariant derivative with respect to the Friedmann-Robertson-Walker
(FRW) metric ds2 = dt2 − R2(t)δijdx

idx j .
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Maxwell’s equations: ∇µFµν = Jν , ∇µF̃µν = 0

1

R
~∇. ~EY = 0,

1

R
~∇. ~BY = 0, (14)

1

R
~∇× ~EY +

(
∂ ~BY

∂t
+ 2H ~BY

)
= 0, (15)

1

R
~∇× ~BY−

(
∂ ~EY

∂t
+ 2H ~EY

)
= ~J

~J = ~JOhm + ~Jcm + ~Jcv,

(16)

~JOhm = σ
(
~EY + ~v × ~BY

)
, (17)

~Jcm = cB ~BY , (18)

~Jcv = cv~ω, (19)

~ω =
1

R
~∇× ~v , (20)
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CVE and CME coefficients:

cv(t) =

nG∑
i=1

[ g ′
48

(
− YRT

2
Ri

+ YLT
2
LiNw − YdRT

2
dRi

Nc − YuRT
2
uRi

Nc + YQT
2
Qi
NcNw

)
+

g ′

16π2

(
− YRµ

2
Ri

+ YLµ
2
LiNw − YdRµ

2
dRi

Nc − YuRµ
2
uRi

Nc + YQµ
2
Qi
NcNw

)]
,

(21)

cB(t) =− g ′2

8π2

nG∑
i=1

[
−
(1

2

)
Y 2

RµRi −
(−1

2

)
Y 2

L µLiNw −
(1

2

)
Y 2

dRµdRi
Nc

−
(1

2

)
Y 2

uRµuRi
Nc −

(−1

2

)
Y 2

QµQiNcNw

]
,

(22)

YL = −1, YR = −2, YQ =
1

3
, YuR =

4

3
, YdR = −2

3
. (23)

Here for simplicity we assume that µuR = µdR = µQ and obtain µB = 12µQ . Therefor
the above equation simplifies to

cv(t) =
g ′

8π2

(
µ2
eR − µ

2
eL

)
, cB(t) = − g ′2

8π2

(
−2µeR + µeL −

3

4
µB

)
, (24)
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Continuity and Navier-Stokes equations: ∇µTµ = 0

∂ρ

∂t
+

1

R
~∇. [(ρ+ p) ~v ] + 3H (ρ+ p) = 0, (25)[

∂

∂t
+

1

R

(
~v .~∇

)
+ H

]
~v +

~v

ρ+ p

∂p

∂t
=

− 1

R

~∇p
ρ+ p

+
~J × ~BY

ρ+ p
+

ν

R2

[
∇2~v +

1

3
~∇
(
~∇.~v

)]
,

(26)

Due to the homogeneity of the Universe, we can ignore the gradient of the pressure in
the evolution equation of the momentum, and obtain the evolution of the velocity for
incompressible fluid, ~∇.~v = 0 as follow:

∂~v

∂t
=

~J × ~BY

ρ+ p
+

ν

R2
∇2~v , (27)

ν ' 1/(5αYT )
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Anomaly equations: ∇µjµR,L = CR,LEµB
µ = −CR,L

~EY . ~BY ,

j0(R,L) = (nR,L − n̄R,L) + ξB,(R,L)~v . ~BY + ξv,(R,L)~v .~ω + σ(R,L)~v . ~EY ,

~j(R,L) = (nR,L − n̄R,L)~v + ξB,(R,L)
~BY + ξv,(R,L)~ω + σ(R,L)

(
~EY + ~v × ~BY

)
.

(28)

After taking the spatial average of anomaly equation, the divergent terms 1
R
~∇.~j(R,L) will

be vanish. By using the relation 〈~EY . ~BY 〉 = − 1
2
(∂t + 3H)〈~AY . ~BY 〉, we can write

∂t
[
ηR,L +

ξB,(R,L)

s
〈~v . ~BY 〉+

ξv,(R,L)

s
〈~v .~ω〉+

σ(R,L)

s
〈~v . ~EY 〉 −

CR,L

2s
〈~AY . ~BY 〉

]
= 0, (29)

where ηi = (ni − n̄i )/s, s = (2π2g∗T 3)/45 is entropy, and g∗ = 106.75 is the number of
relativistic degrees of freedom. High temperature of the early Universe plasma and
low-velocity limit imply that

∂tηR,L ' ∂t
[CR,L

2s
〈~AY . ~BY 〉

]
, (30)
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dηeR
dt

=
g ′2

4π2s
〈~EY . ~BY 〉+ 2ΓRL (ηeL − ηeR ) ,

dηeL
dt

=
dηνLe
dt

= − g ′2

16π2s
〈~EY . ~BY 〉+ ΓRL (ηeR − ηeL) ,

(31)

ΓRL =

(
Γ0

2tEW

)(
1− x√

x

)
, (32)

where the variable x = t
tEW

= (TEW
T

)2, tEW = M0

2T 2
EW

, M0 = MPl/1.66
√
g∗, and MPl is the

Plank mass, and Γ0 = 121.

ηB/3− ηLi = const.→ 1

3

dηB
dt

=
dηeR
dt

+ 2
dηeL
dt

=
g ′2

8π2s
〈~EY . ~BY 〉. (33)

〈~EY . ~BY 〉 =? (34)
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~EY =
1

σR
~∇× ~BY −

cv
σ
~ω − cB

σ
~BY − ~v × ~BY . (35)

〈~EY . ~BY 〉 =
1

σR
〈~BY .~∇× ~BY 〉 −

cv
σ
〈~BY .~ω〉 −

cB
σ
〈~BY . ~BY 〉. (36)

∂ ~BY

∂t
=

1

σR2
∇2 ~BY +

cv
σR

~∇× ~ω +
cB
σR

~∇× ~BY +
1

R
~∇× (~v × ~BY )−

~BY

t
, (37)

~ω = ~∇× ~v ,

∂~v

∂t
=

~J × ~BY

ρ+ p
+

ν

R2
∇2~v ,

(38)
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The non-helical hypermagnetic field, vorticity and asymmetry
Since ~∇. ~BY = 0, the hypermagnetic field can be written as ~BY = (1/R)~∇× ~AY , where
~AY is the vector potential of the hypermagnetic field. For incompressible fluid, ~∇.~v = 0,
in analogy with the hypermagnetic field, the velocity field can be written as
~v = (1/R)~∇× ~S , where ~S is the vector potential of the velocity field. Now we choose
the configurations for our hypermagnetic field and the velocity field by using the
following orthonormal basis {â(z , k) = (cos kz ,− sin kz , 0), b̂(z , k) = (sin kz , cos kz , 0),
ẑ}.

~BY (t, z) = Bz(t)ẑ + Ba(t)â(z , k) + Bb(t)b̂(z , k), (39)

~v(t, z) = va(t)â(z , k) + vb(t)b̂(z , k), (40)

1

R
~∇× (~v × ~BY ) 6= 0, and

~J × ~BY

ρ+ p
6= 0 (41)

〈~EY . ~BY 〉 =− cB
σ

[
B2

z (t) + B2
a (t) + B2

b (t)
]

+
k ′

σ

[
B2

a (t) + B2
b (t)

]
− cv
σ
k ′ [va(t)Ba(t) + vb(t)Bb(t)] .

(42)
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∂Ba(t)

∂t
=k ′ [vb(t)Bz(t)] +

[
−k ′

2

σ
+

k ′cB
σ

]
Ba(t) +

k ′
2
cv
σ

va(t)− Ba(t)

t
,

∂Bb(t)

∂t
=− k ′ [va(t)Bz(t)] +

[
−k ′

2

σ
+

k ′cB
σ

]
Bb(t) +

k ′
2
cv
σ

vb(t)− Bb(t)

t
,

∂Bz(t)

∂t
=− Bz(t)

t
,

∂va(t)

∂t
=

k ′

ρ+ p
[Bb(t)Bz(t)]− k ′

2
νva(t),

∂vb(t)

∂t
=− k ′

ρ+ p
[Ba(t)Bz(t)]− k ′

2
νvb(t).

(43)
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dηeR
dt

=
g ′2

4π2s
〈~EY . ~BY 〉+

(
Γ0

tEW

)(
1− x√

x

)
(ηeL − ηeR ) ,

dηeL
dt

=
dηLνe
dt

= − g ′2

16π2s
〈~EY . ~BY 〉+

(
Γ0

2tEW

)(
1− x√

x

)
(ηeR − ηeL) ,

1

3

dηB
dt

=
dηeR
dt

+ 2
dηeL
dt

,

(44)
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First scenario:
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Figure: The time plots of the helical components Ba(x) and Bb(x), with the initial

conditions B
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First scenario:
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Figure: The time plots of the the right-handed electron asymmetry ηeR (x), the

left-handed electron asymmetry ηeL(x) with the initial conditions B
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Figure: The time plots of the hypermagnetic field amplitude BY (x), and the baryon
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First scenario:
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Figure: The time plots of the va(x) and vb(x) with the initial conditions
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Second scenario:
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Figure: The time plots of the hypermagnetic field amplitude BY (x), the baryon
asymmetry ηB(x), in the presence of the viscosity, with the initial conditions
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Figure: The time plots of the the right-handed electron asymmetry ηeR (x), the
left-handed electron asymmetry ηeL(x) ' ηνL(x), in the presence of the viscosity, with
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Third scenario:
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Figure: The time plots of the the hypermagnetic field amplitude BY (x), the baryon

asymmetry ηB(x), with the initial conditions B
(0)
z = 1017G, and

η
(0)
eR = η

(0)
eL = η

(0)
B = v

(0)
a = v

(0)
b = 0. Large (red) dashed line is for B

(0)
a = B

(0)
b = 1023G,

dashed (green) line for B
(0)
a = 1023G, B

(0)
b = 1019G, dotted-dashed (violet) line for

B
(0)
a = 1021G, B

(0)
b = 1019G, and dotted (blue) line for B

(0)
a = B

(0)
b = 1019G.
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Third scenario:
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Figure: The time plots of the velocity fields amplitude va(x) and vb(x) , with the initial

conditions B
(0)
z = 1017G, and η

(0)
eR = η

(0)
eL = η

(0)
B = v

(0)
a = v

(0)
b = 0. Large (red) dashed

line is for B
(0)
a = B

(0)
b = 1023G, dashed (green) line for B

(0)
a = 1023G, B

(0)
b = 1019G,

dotted-dashed (violet) line for B
(0)
a = 1021G, B

(0)
b = 1019G, and dotted (blue) line for

B
(0)
a = B

(0)
b = 1019G.
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BA = BY cos θW ' 0.88BY

BY (TEW ) ∼ 1017−20G
(45)

ηB = (nB − n̄B)/s

s = 2π2g∗T 3/45, g∗(T > TEW ) = 106.75

g∗0 = 43/11

ηB(T0) = 27.3× ηB(TEW )

10−15 < ηB(TEW ) < 10−8

ηBBN = 5.8± 0.27× 10−10

ηCMB = 6.16± 0.15× 10−10

(46)
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• In this study, the hypermagnetic field configurations which include both helical and
non-helical components, are considered. It is shown that in the presence of weak
vorticity and a large right-handed electron asymmetry, the helicity can be
generated and amplified for an initially non-helical hypermagnetic field. The
vorticity also grows, even in the presence of the viscosity, in contrast to the case in
which a fully-helical hypermagnetic field is assumed. In a different scenario it is
also shown that in the presence of a strong non-helical hypermagnetic field and
large vorticity, helicity and baryon asymmetry can be generated and amplified.
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Thank you for your attention
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