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Review: Current Expansion in Fourier Basis Transfer-Matrix in Fourier Basis

Transfer-Matrix in Fourier Basis
gauge variables

nt : θl = a g A(r,i)

nt + 1 : θ′l = a g A′(r,i)
〈nt + 1|V̂ |nt〉 ∝ eSE(nt,nt+1)

SE(nt, nt + 1) = − 1

2 g2

∑
r

d∑
i6=j=1

[
2− cos

(
θ(r,i) + θ(r+î,j) − θ(r+ĵ,i) − θ(r,j)

)
− cos

(
θ′(r,i) + θ′(r+î,j) − θ′(r+ĵ,i) − θ′(r,j)

)]
− 1

g2

∑
r

d∑
i=1

[
1− cos

(
θ(r,i) − θ′(r,i)

)]

plaquette-link matrix M of dimension NP ×NL,

Mp
l =

{
±1, link l = (r,±i) belongs to oriented plaquette p

0, otherwise.

-1

-1 +1

+1

p

+

+
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transfer-matrix V̂

〈θ′|V̂ |θ〉 = A
∏
p

exp
{
−γ

2

[
2− cos

(
Mp

l θ
l)− cos

(
Mp

l θ
′l)]}

×
∏
l

exp
{
−γ
[
1− cos

(
θl − θ′l

)]}

〈k′|V̂ |k〉 = A e−γ(NP+NL) (2π)NL
∑
{np}

∑
{n′p}

∏
p

Inp

(γ
2

)
In′p

(γ
2

)
×
∏
l

Iml(γ) δ
[
(np + n′p)M

p
l + kl − k′l

]

n0 ·M = 0.
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matrix M in the 2d lattice

M =



+ − 0 0 0 0 0 0 0 − 0 0 + 0 0 0 0 0
0 + − 0 0 0 0 0 0 0 − 0 0 + 0 0 0 0
− 0 + 0 0 0 0 0 0 0 0 − 0 0 + 0 0 0
0 0 0 + − 0 0 0 0 0 0 0 − 0 0 + 0 0
0 0 0 0 + − 0 0 0 0 0 0 0 − 0 0 + 0
0 0 0 − 0 + 0 0 0 0 0 0 0 0 − 0 0 +
0 0 0 0 0 0 + − 0 + 0 0 0 0 0 − 0 0
0 0 0 0 0 0 0 + − 0 + 0 0 0 0 0 − 0
0 0 0 0 0 0 − 0 + 0 0 + 0 0 0 0 0 −



The numbering of links and
plaquettes for 3× 3
2d periodic lattice
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matrix element in fourier basis

〈k′
∗q′ |V̂ |k∗q〉 = A e−γ(NP+NL)(2π)NL

∑
{n0

p}

∑
{np}

∏
p

Iqp−np

(γ
2

)
Iq′p−np+n0

p

(γ
2

)
∏
l

Ik∗+
∑

pnpM
p
l
(γ)

Co-blocks

k∗q = k∗ + q ·M

ei
∑

l klθ
l

= ei a g
∑

l klA
l

→ ei g
∫
J·Adx

the matrix element 〈k′|V̂ |k〉: is the transition amplitude between states with k and

k′ currents during the imaginary time interval ‘a’.
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Currents, States and Blocks

A co-block of the vacuum state is found as the current-vector

k0;1 = k0 + q1 ·M

with

q1 = (1, 0, · · · , 0)︸ ︷︷ ︸
NP

The graphical representation of k0;1 as co-block of k0 = 0



Review: Current Expansion in Fourier Basis Currents, States and Blocks

Construction of a co-block of k0 with two non-adjacent plaquette-currents.

0

k1;−1 = k1 − q1 ·M as a co-block of k1 with 3 links having unit current.

A co-block of k1 with five links having unit current.
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Rules of Current Expansion in Strong Coupling

the ground-state is unique and belongs to the k0’s block. Energy and V̂ eigenvalues
are related as

Ei = −1

a
ln vi

Normalized transfer-matrix

V̂ = A e−γ(NL+NP)(2π)NL V̂
−

[
〈k′|V̂

−
|k〉
]
m,m′,`

= Km,m′,`
1

22m+2m′+`

1

m!m′! `!
γm+m′+`

or

or

or
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Current Expansion at Large Coupling

As examples of the diagrammatic representation of the terms in the strong
coupling expansion, the diagrams contributing to the vacuum to vacuum
(v.t.v.) transition at order γ2 are

[
〈0|V̂

−
|0〉0

]
γ2

:



0+ −→−→−→ 0 1
24

1
2!2NP

0 −→−→−→ 0+ 1
24

1
2!2NP

0+ −→−→−→ 0+ 1
22

1
2!2NL
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[
〈0|V̂
−
|0〉0

]
γ4

:



0+
0−→−→−→ 0 1

28
1
4!
C2

4 (2N
2
P −NP)

0
0−→−→−→ 0+ 1

28
1
4!
C2

4 (2N
2
P −NP)

0+
0−→−→−→ 0+ 1

28
1

2!2!
C1

2C
1
2N

2
P

0+
0−→−→−→ 0+ 1

26
1

2!2!
C1

2C
1
2NPNL

0+
0−→−→−→ 0+ 1

26
1

2!2!
C1

2C
1
2NPNL

0+
0−→−→−→ 0+ 1

24
1
4!
C2

4 (2N
2
L −NL)

〈0|V̂
−
|0〉0 =1 +

(
NP

8
+
NL

4

)
γ2 +

(
−
NL

64
+
N2

L

32
−
NP

512
+
NPNL

32
+
N2

P

128

)
γ4 +O(γ6)
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[
〈1|V̂
−
|1〉0

]
γ2

:
0−→−→−→

γ2

16

[
〈1|V̂
−
|1〉0

]
γ4

:



0−→−→−→ 1
28

1
3!
C1

3 (2NP − 1)

0−→−→−→ 1
28

1
3!
C1

3 (2NP − 1)

0−→−→−→ 1
26

1
2!
C1

2NL

0−→−→−→ 1
24

1
4!
C2

4 4

〈1|V̂
−
|1〉0 =

γ2

16
+

(
15

256
+
NL

64
+
NP

128

)
γ4 + · · ·
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〈1|V̂
−
|0〉0 =

γ

4
+

(
−1
128

+
NP

32
+
NL

16

)
γ3

+

(
49

3072
−

3NL

512
+
N2

L

128
−

3NP

2048
+
NLNP

128
+
N2

P

512

)
γ5 + · · ·

〈k′∗q′ |V̂−
|k∗q〉k∗ = γh (c0 + c2 γ

2 + c4 γ
4 + c6 γ

6 + · · · )

|k∗| =
NL∑
l=1

|k∗l|

h = |k∗|+ |q|+ |q′|

|q| =
NP∑
p=1

|qp|, |q′| =
NP∑
p=1

|q′p|



Spectrum in Strong Coupling Limit Spectrum in Strong Coupling Limit

Spectrum in Strong Coupling Limit

γ = 0 : v
(0)
0 = 1, v

(0)
q 6=0 = 0

ε
(0)
0 = 0 for the ground-state and ε

(0)
q 6=0 → +∞ for all other states.

V̂
−

= V̂ 0 + V̄

eigenvalue in vacuum block

v0 = 1 + V̄00 + 2NPV̄
2
0,±1

= 1 +
1

4
(NP +NL)γ2 + O(γ4)

eigenvector

~v0 =(1, 0, 0, · · · 0) +
∑
|q|=1

V̄0,q ~q

=
(

1,
γ

4
,
γ

4
, · · · , γ

4︸ ︷︷ ︸
2NP

)
+ O(γ2)



Spectrum in Strong Coupling Limit Spectrum in Strong Coupling Limit

v0 = 1 +
1

4
(NP +NL)γ2 +

(
−NL

64
+
N2

L

32
− NP

64
+
NLNP

16
+
N2

P

32

)
γ4 + O(γ6)

eigenvalue in k1 block

vk1
0 =

γ

2
+

(
−1

16
+
NL

8
+
NP

8

)
γ3

+

(
7

384
− 3NL

128
+
N2

L

64
− 3NP

128
+
NLNP

32
+
N2

P

64

)
γ5+O(γ7)

eigenvector in k1 block

~v k1
0 =(1, 0, 0, · · · 0) +

1

γ/2

∑
|q|=1

V̄ k1
0,q ~q

=
(

1,
γ

4
,
γ

4
, · · · , γ

4︸ ︷︷ ︸
2NP

)
+ O(γ2)
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vk2
0 =

γ2

8
+

(
− 1

48
+
NL

32
+
NP

32

)
γ4

+

(
23

3072
− 11NL

1536
+
N2

L

256
− 11NP

1536
+
NLNP

128
+
N2

P

256

)
γ6+O(γ8)

v
k
11′

0 =
γ2

4
+

(
− 1

16
+
NL

16
+
NP

16

)
γ4

+

(
7

384
− 5NL

256
+
N2

L

128
− 5NP

256
+
NLNP

64
+
N2

P

128

)
γ6+O(γ8)

vk3
0 =

γ3

48
+

(
− 1

256
+
NL

192
+
NP

192

)
γ5

+

(
17

10240
− NL

768
+

N2
L

1536
− NP

768
+
NLNP

768
+

N2
P

1536

)
γ7+O(γ9)
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Z[J ] =

∫
Dφ exp

[
i

∫
dx
(
L + J φ

)]
∫

Dφ exp

[
i

∫
dxL

]
vi/v0 = exp

[
− a(εi − ε0)

]
vk1
0

v0
=
γ

2

(
1− γ2

8
+

7γ4

192
+ · · ·

)
vk2
0

v0
=
γ2

8

(
1− γ2

6
+

23γ4

384
+ · · ·

)
v
k
11′

0

v0
=
γ2

4

(
1− γ2

4
+

7γ4

96
+ · · ·

)
vk3
0

v0
=
γ3

48

(
1− 3γ2

16
+

51γ4

640
+ · · ·

)
Phys. Rev. D 104 (2021) 094506, 2107.07877
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Gauss Law Constraint in Fourier Basis

wave-function

ψC[θ] = exp
[
i
∑
l∈C

Jl θ
l
]

ψ̃C[k] =
1

(2π)NL/2

∫ π

−π

∏
l

dθl exp
[
i
(∑
l∈C

Jl θ
l − k · θ

)]

ψ̃C[k] = (2π)NL/2
∏
l∈C

δ(kl − Jl)
∏
l′ /∈C

δ(kl′)
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For the case of the 1d periodic spatial lattice, the only closed loop is the one around the entire
the periodic spatial direction.

〈k|V̂ |k〉 = A
(
e−γ Ik(γ)

)NL , k = 0,±1,±2, · · ·

the exact spectrum of 1d model is found:

Ek = −
1

a
ln〈k|V̂ |k〉

Ik(γ) '
eγ
√
2πγ

e−(k2−1/4)/(2γ)

[
1 + O

(
1

γ2

)]
, γ � k

the continuum energy density (energy per link) expected by the classical model is recovered

Ek

NL
'

(k2 − 1/4)g2

2 a
, g � 1, k ∈ Z.



Gauss Law Constraint in Fourier Basis Some Examples

Left: periodic loop current a, and
two of its co-blocks b and c.
Right: d as a two spaced equal

periodic loop currents, and e as a two
spaced opposite periodic loop
currents. In fact, e belongs to the
vacuum block.

x

a

b

c

x

d

e

Examples of 2d gauge invariant closed currents from the vacuum block.
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Examples of 3d closed edge
currents from the vacuum block. General 3d closed currents from the

vacuum block.
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Transfer-Matrix in Weak Coupling Limit

In the weak coupling limit g � 1 the configurations with θ � 1 find the dominant
contribution.for following vector with 2NL components

η =

(
A
A′

)
the elements of the transfer-matrix are given by means of the following quadratic form

〈θ′|V̂ |θ〉 = A exp

(
−a

2

2
ηTC η + O(g2)

)
matrix C has 2NL × 2NL dimensions

C =

(
1 −1
−1 1

)
⊗ 1L +

1

2
12 ⊗MTM

=

(
1L + 1

2
MTM −1L

−1L 1L + 1
2
MTM

)
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κ =

(
k
−k′

)
So in Fourier Basis

〈k′|V̂ |k〉 ' A g2NL

(2π)NL

∫ π/g

−π/g
dη exp

(
−1

2
ηTC η + i g ηTκ

)

C̃ = P−1CP

η̃ = P−1η

η̃T = ηTP

κ̃ = P−1κ

C̃u is diagonal, and C̃d = 0.

C̃ =


C̃u 0

0 C̃d


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No. of sites No. of links dim. of C̃d

2d lattice N2
s NL = 2N2

s Nd = N2
s + 1

3d lattice N3
s NL = 3N3

s Nd = N3
s + 2

For periodic lattices in two and three dimensions the size of block C̃d is given by explicit
representations of M .

〈k′|V̂ |k〉 = A
g2NL−Nd

(2π)NL−Nd
δ(κ̃d)

∫ π/g

−π/g
dη̃u exp

(
−
1

2
η̃Tu C̃u η̃u + i g η̃Tu κ̃u

)

〈k′∗q′ |V̂ |k∗q〉 = A
g2NL−Nd

(2π)NL−Nd

√
(2π)2NL−Nd

det C̃u

[
exp

(
−
g2

2
κ̃Tu C̃

−1
u κ̃u

)
+O

(
g e−π

2/g2
)]

g � 1
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Spectrum in Weak Coupling

P =
1√
2

(
1L 1L

−1L 1L

)
the matrix C comes to the form

C′ = P−1C P =

(
2 1L + 1

2
MTM 0

0 1
2
MTM

)

〈A′|V̂ |A〉 = A exp

(
−1

2
A−
(

1L +
1

4
MTM

)
A− − 1

2
A+
(1

4
MTM

)
A+

)
in which

A± = A±A′
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MTM · ξ = 4ξ2 ξ

for which 〈ξ|ξ′〉 = δξξ′ .
In this basis, obviously the zero eigenvalues only contribute to the A− part, and the
matrix element finds the form

〈A′|V̂ |A〉 = A exp

(
− 1

2

∑
{ξ=0}

(Aξ −A′ξ)2

− 1

2

∑
ξ 6=0

(
(1 + ξ2)(Aξ −A′ξ)2 + ξ2(Aξ +A′ξ)

2
))

i g ηTκ = i g (A · k −A′ · k′)

=
i

2
g
( ∑
{ξ=0}

(A+

ξk
−
ξ −A

−
ξk

+

ξ ) +
∑
ξ 6=0

(A+

ξk
−
ξ −A

−
ξk

+

ξ )
)

k± = k ± k′
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the contribution of zero modes:

Efree =
∑
{ξ=0}

1

2

(
g k+ξ

2

)2

=
∑
{ξ=0}

g2k2ξ
2

P0 =
∑
{ξ=0}

|ξ〉〈ξ|

which satisfies P 2
0 = P0. By the explicit form of the matrix M , it is a simple task to

check that the result of the projection of the mentioned allowed states to the subspace
by zero modes is a uniform electric flux.

k = (︸ ︷︷ ︸
N2

s

1, 1, · · · , 1, ︸ ︷︷ ︸
N2

s

0, 0, · · · , 0)T

P0 (q ·M)T =
∑
{ξ=0}

|ξ〉〈ξ|M︸︷︷︸
0

T·qT = 0



Spectrum in Weak Coupling Spectrum in Weak Coupling

The thick lines represent k as uniform electric fluxes on links of a 2d lattice.

The non-zero modes represent a harmonic oscillator dynamics

〈x′|V̂ |x〉 =

√
M

2π
exp

(
− 1

2
M(x− x′)2 − 1

2
Mω2

(x+ x′

2

)2)
with the spectrum Er = (r + 1

2
)ω with r = 0, 1, 2, · · · .

ω2
ξ =

4ξ2

1 + ξ2

Etot =
∑
{ξ=0}

g2k2ξ
2 a

+
1

a

∑
ξ 6=0

(
rξ +

1

2

)
ωξ



Spectrum in Weak Coupling Spectrum in Weak Coupling

4ξ2m,n = 4

(
sin2 πm

Ns
+ sin2 πn

Ns

)

ω2
m,n ' 4ξ2m,n =

4a2π2

L2
(m2 + n2), m, n� Ns

Etot =
∑
{ξ=0}

g2k2ξ
2 a

+
2π

L

∑
m,n

(
rm,n +

1

2

)√
m2 + n2
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