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Stochastic Differential Equations wiener Process

x(t)

Xo

X(t)

o
stochastic process X (-): solution of SDE

{ X(t) =b(X (1) + B(X(1) £(t),  (t>0)
X(0) = Xo,

White noise:
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Stochastic Differential Equations wiener Process

{ X(t) = b(X (1)) + B(XX(1) £(1),  (t>0)
X(0) = Xo,

White noise:

(&) () = o(t —1).

t t
X(t) = Xo +/ b(X,s) ds+/ B(X,s) dW
0 0
Wiener Process (Brownian motion):

dw
=

(W(t) =0, (Wt)W(s)) =min{t,s}, (W(t))=t,
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Examples of SDE

Examples

@ Wiener process
(Brownian motion)

Figure: Wiener

dXt =0 th

o . constant.
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Examples of SDE

Examples

@ Stock prices
(geometric Brownian
motion)
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Figure: Starbucks Corporation (SBUX) Stock Price

dSt = u St dt+0’ St th,
S(O) = S0,

S(t) = soeaw(tH(”*%)t

u > 0: Drift , o: volatility .
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Examples of SDE

Examples

@ Brownian bridge
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Examples of SDE

Examples

dXt = —bXt dt+0' th,
X(0) = Xo,

@ Ornstein—Uhlenbeck process
(mean-reverting process)

t
X(t)=Xo et + a/ e tt=9) qi
0

Friction b > 0, diffusion: o
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Fokker-Planck Equation

Probability density

fx(x,t): probability of X falling within the infinitesimal interval [z, z 4+ dz] at the
moment ¢

dXt = M(—X‘mt) dt+ O'(Xt7t) th

2
D ) = — o (1), 0) + g (D, 1) a,1)

drift pu(Xy,t) and diffusion coefficient D(X¢,t) = 02(Xy,t)/2
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Inflation: formal approach

Inflaton (quantum) field: & = @ + ¢
Classical background (fixed) : ¢ = acceleration = Homogeneous
Small quantum perturbations : ¢ = Structure

Vip),

. . 1.
0+3Hp+V,=0 3M]%H2:V+§¢

>

. . k2
0¢r + 3HIpi + ((12 + V¢¢> d¢r =0

g
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Stochastic Inflation

Ci):¢+¢>

Coarse-graining: Wy (k,t) = O (k —eaH)

( Comoving Scales) -1

UV modes:
o~ k>eaH
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Stochastic Inflation Langevin equation

Split the quantum fields (<i> f[) into long and short modes

d3k

—ca(t)H) i(t)e™™

~ 3
é = H_W+/(g7rl){3®(ksa() ) d(t)ei

time-dependent window function

dep A
_ C|av T
Langevin's equation
dm Vi .
ay — B menm =g

e-folding number: dN = Hdt
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Stochastic inﬂation: Stochastic Noises

For a light scalar field, Qunatum stochastic noises:

@@x>d“/“&kam&nmx@@,

S dt (2m)3
. dk, [ d°k ikx _
1) = =G [ g 8k =) € (). e = ca(t)H
commute as ¢ — 0
nld |
(€p:&p)

and become classic noises:

(€ (N1) €p(N2)) (i)gd(m —N,)

(Ern(N1) &x(Na)) ~ O(")
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Stochastic inflation: Siow-roll inflation

dp  V, H Normalized white noise

¥ 4 (N
Vig), AN 3 T35 ey o
)y (E(N)E(NT)) = 6(N — N')

Classical drift:

7

Qudn‘rum diffusion

4

Diﬁusion) 2

For slow-roll inflation, curvature power spectrum: Pr = ( Drift
ri
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Electromagnetic fields during inflation

2
S = /d4x V=g Vng - %g’“’ﬁmauqﬁ -Vig)+ ﬁEM]

Is Inflaton ¢ alone?
. Statistical anisotro CMB: L <1072
Motivations for Lgy _ _ Py l9+] < »
Primordial magnetic field Blazars: Byipe 2 107°°G

Galactic magnetic field  Milky Way: By ~ G

Model: Ratra-like coupling f2F2+ Axion-like F'E' coupling:

2 12 . ~
Loy D — 19 iqb) FM™F,, — T(f) 0 %()F”"FM,,
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Stochastic formalism for gauge fields

Unified electric and magnetic field using an auxiliary vector field X;
Long-Short decomposition:

X(t,x)=X"(t,z) + / ((;:;3 O (k — caH) X (t) e*®

Langevin equation:

X' =b, X+D,(e) & X—Xim
- v ’ _\/QEHMPH

Electromagnetic fields have no classical background values,

N
X(N)=D,(e) eb”N/ e S AW (s),
0
Ornstein-Uhlenbeck (OU) process: b, < 0
frictional drift force —|b,|X ~ the random force D, &

2

3D
Equilibrium state: (X?)oq = 2|bV| at around Neq ~ O(In10/|b,|)
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Magnetic fields from inflation?

V. Demozzi, V. Mukhanov and H. Rubinstein, JCAP 0908(2009) 025

~v

Ag = 1Mpc 107G = By, = 10715G

Weak coupling regime Strong coupling regime
H2 )\ph n—3 H2 )\ph —n—2
Pena = 5 (H> Pena = 5 (H)

n=-3: Bow ~ 1022G! *
n=-2.2: Buow ~ 1077G
n=-2: Buow ~ 10711G

x: Magnetic back-reaction problem
No back-reaction limit: n > —2.2

n=2: Buow ~ 1073°@
n=2.2: Buow ~ 10730@
n=3: Bpow ~ 107G *
*: Electric back-reaction problem
No back-reaction limit: n < 2.2
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Revisiting Magnetogenesis during Inflation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

v 5./P,
= B =_-B+ Ceg
= 2.6

E = —ey E4 /6P ¢
. N(f; ~ O(1)
R~10""«1

Buow ~ 10713 G
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Primordial Helical Magnetic Fields from Inflation?

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2111.02147

I*(n)

Los = =0 (FEu+9F"E) . 1) sca™

The gauge field undergoes tachyonic growth of one of polarizations and leads to

By,

,,,,,

generation of a helical magnetic field.

B'=—(24n)B+ Dg¢
E =—(2-n)€E -2B+ Dgé

§=—ny
. e"VET(2n—1) H JES

5= T3 2m Mpy

N _
Dg ~ DBM
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Primordial Helical Magnetic Fields from Inflation?

A. T, A. Nassiri-Rad
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and H. Firouzjahi, arXiv:2111.02147

re = 0.01,=0.01

By = 1071°G
3 Boys = 107G
12 Bops = 107G
o Rg < 0.1

Back-reaction parameter: Rg
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Stochastic analysis of Axion inflation and PBH Formation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2202.02062

Lon = _% OFu P — A5+ (k2 = 22¢kaH ) Ay =0

7
o b
Instability parameter § = —— 6
2fH
Assuming £ > 0 :
Tachyonic growth of gauge field A | (k < 2€aH) oc ™ 5
4
. . V2 3
$H3HE— — 6+ V4=
@
Back-reaction on the inflaton field J; = —E - B 2
f
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Stochastic analysis of Axion inflation and PBH Formation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2202.02062

Evolution of the Coarse-grained fields: Long-Short decomposition
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Stochastic analysis of Axion inflation and PBH Formation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2202.02062

Scalar mode function:
2

. . k «@
Pr + 3H(,0k + (ﬁ + ‘/:¢¢>(Pk = ?(ElBk + BlEk)

—_— =018

+=+=++ Stochastic Off

s PBH limit.

\/E

Pe(§) = PO (1+ Y

54'P€(~0) e47r5 g2 (57 5))
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Stochastic analysis of Axion inflation and PBH Formation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2202.02062

Enhancement of curvature power spectrum — PBH formation

QpBH Mg . PPBH
frBH = O ~ 10% BpeH U Mass fraction: Sppg = ——
DM PBH ptOt tformation
1008 ‘
107 |
: f
k& i
1072 -
10*3,
10 18 10‘ 15 0 12 10 9 0 6 10 3 1(“'[] 163
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Stochastic analysis of Axion inflation and PBH Formation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2202.02062

Formal Approach: Gaussian statistics — &, < 1.5

Stochastic Approach: x%-statistics — £y, < 2.5
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Stochastic analysis of Axion inflation and PBH Formation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2202.02062

Parameter space ({.yp, €)
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@ The stochastic formalism consists of an effective theory for IR modes of the
quantum fields, which are coarse grained at a fixed physical scale.

@ The main reason for the amplification of the magnetic field in Ratra model
f?F? is due to the Ornstein-Uhlenbeck process which settles the fields into
an equilibrium state and prevent them from decaying.

@ Tachyonic growth of the magnetic fields in models F'F' is controlled by a
mean-reverting process of stochastic dynamics.
@ The stochastic analysis of axion-inflation models shows that the statistic of

primordial scalar fluctuation might be changed, e.g., from x? to Gaussian,
which is crucial when the models are tested with the PBH constraints.
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@ DM production from stochastic effects during inflation.
@ Stochastic effects from massive fields during inflation.

@ Stochastic analysis of the non-Gaussian noises.
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Thank You For Your Attention!
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