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With this context, we have also undertaken a detailed study of these decay processes in a model 

dependent framework i.e              Relativistic Independent Quark Model 



WHY BC DECAYS ? 
• It is the lowest bound state having two heavy quarks(b and c) . 

 

• The Bc meson lie intermediate in mass and size between charmonium(c𝑐 ) and bottomonium(b𝑏 ) family 

where the heavy quark interactions are understood well. 

 

• As it has open flavours, Bc decays weakly but not via strong and radiative modes, and therefore it is 

long lived . 

 

• The data available in this sector is scant. The masses of Bc excited states and even the ground state of 

Bc* have not yet been determined. 

 

• The recent prediction of Bc (2S) state at ATLAS gives high statistics Bc events provide necessary 

motivation to investigate the decay process in radially excited states. 

 

• It provides a fertile ground as well as challenging for both theoretical and experimental studies as it 

has neutrinos in their final states 
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MODEL FRAMEWORK :  
 
RELATIVISTIC INDEPENDENT QUARK MODEL 
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“ 

• The description of physical phenomena such as the  decay processes have 

not yet been possible from the first principle QCD application which 

involves strong interaction between quarks and antiquarks. 

 

• Theoretical attempts have been made to describe hadronic phenoma 

using various phenomenological models like Bag Model, Cloud Bag 

Model,  LFQM, Bethe-Salpeter approach, QCD Sum Rule, and Non-

relativistic and Relativistic  Model etc.  Ours is a Relativistic Independent 

Quark (RIQ) Model. 

  

• Last 35 years we have established this phenomenological model describing 

wide ranging hadronic phenomena in light as well as heavy flavor sector.  
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• In this model a meson is pictured as a colour-singlet assembly of constituents 

(quark & anti-quark) moving relativistically inside the meson bound state with an 

average flavour independent potential in the form : 
                        

   r = the relative distance between quark and antiquark inside meson;      

  a & 𝑽𝟎 = the potential parameters 

 £= 𝝍𝒒[
𝟏

𝟐
iϓ𝝁𝝏𝝁 −  𝑼 𝒓 −𝒎𝒒] 𝝍𝒒(r) 

The Dirac Equation: 

                             (𝜶. 𝒑 + 𝜷𝒎𝒒 + 𝑼(𝒓))𝝍𝒒(r) = E 𝝍𝒒(r) 
 

 Where, 𝛼 =  
ϓ𝑖

ϓ0
 and 𝛽 =  ϓ0 
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Solving the Dirac equations  we get positive and negative energy solutions  known as  

quark  and antiquark orbitals respectively in the general form: 

                         𝝍𝒏𝒍𝒋
+ (𝒓)= 

𝒊𝒈𝒏𝒍𝒋 𝒓

𝒓

(𝝈. 𝒓 )
𝒇𝒏𝒍𝒋 𝒓

𝒓

𝝋𝒍𝒋𝒎
𝒋
(𝒓 ) 

                        

                         𝝍𝒏𝒍𝒋
− (𝒓)= 

𝒊𝝈.
𝒓  𝒇𝒏𝒋 𝒓

𝒓

𝒈𝒏𝒍𝒋(𝒓)/𝒓
(−𝟏)𝒋+𝒎𝒋−𝒍𝝋𝒍𝒋𝒎

𝒋
(𝒓 ) 

 

Where,  𝒈𝒏𝒍𝒋 𝒓 =Nq

𝒓

𝒓𝒏𝒍

𝒍+𝟏

𝒆
−𝒓𝟐

𝟐𝒓𝒏𝒍
𝟐 
   𝑳𝒏−𝟏
𝒍+𝟏 𝟐 𝒓𝟐

𝒓𝒏𝒍
𝟐  

and       𝒇𝒏𝒍𝒋 𝒓 = -Nq

𝟏

𝒓𝒏𝒍𝝀𝒏𝒍

𝒓

𝒓𝒏𝒍

𝒍+𝟐

𝒆
−𝒓𝟐

𝟐𝒓𝒏𝒍
𝟐 
  [ 𝑳𝒏−𝟐

𝒍+𝟑 𝟐 𝒓𝟐

𝒓𝒏𝒍
𝟐  +  𝑳𝒏−𝟏

𝒍+𝟑 𝟐 𝒓𝟐

𝒓𝒏𝒍
𝟐  ] 

 

 



        𝝍𝒒+(𝒓) = 
𝟏

𝟒𝝅

𝒊𝒈𝒒 𝒓

𝒓

(𝝈. 𝒓 )
𝒇𝒒 𝒓

𝒓

χλ                       𝝍𝒒
−(𝒓) = 

𝟏

𝟒𝝅

𝒊(𝝈. 𝒓 )
𝒇𝒒 𝒓

𝒓

𝒈𝒒(𝒓)/𝒓
χλ  

        𝒈𝒒 𝒓 =Nq

𝒓

𝒓𝟎𝒒

𝟐

𝒆

−𝒓𝟐

𝟐𝒓𝟎𝒒
𝟐 
                                     𝒇𝒒 𝒓 = - 

Nq

𝝀𝒒𝒓𝟎𝒒

𝒓

𝒓𝟎𝒒

𝟐

𝒆

−𝒓𝟐

𝟐𝒓𝟎𝒒
𝟐 

 

                                        𝑁𝑞2 = 
8λ𝑞

𝑟0𝑞 π 

1

3𝐸𝑞
՚ +𝑚𝑞

՚       

 

• The condition required to be satisfied in obtaining these quark orbitals is  binding energy 

condition  i.e 

         𝝀𝒏𝒍 𝒂   (𝑬𝒏𝒍
,

 - m,) = (4n+2l – 1)     where  𝑬′𝒒= E - 𝑽𝟎/2  and 𝒎′𝒒 = m - 𝑽𝟎/2 

• Which for the ground state (n=1 and l=0) is reduced to the form:
𝝀𝟏𝟎

𝒂   (𝑬𝟏𝟎
,

 - m,) = 3  

 

• The core energy of the meson in zeroth order is sum of the binding energy for the quark 

and antiquark i.e 

                                                   𝑬𝑴
𝟎  =  𝑬𝒒𝒒  

 
 

 

 

 



GLUONIC CORRECTION 
Inside the mesons quark and antiquark are bound. The binding is due to exchange of gluons.  

Taking one gluon exchange the interaction lagrangian density is in the form of  

                                               £𝐼
𝑔

 =  𝐽𝑖
𝜇 𝑎

∞ 𝐴𝜇
𝑎(𝑥) 

 

 

 

 

 

 

                              Where 𝐴𝜇
𝑎 𝑥  is the vector-gluon fields and 𝐽𝑖

𝜇 𝑎
 is the colour current 

 

Since at small distance the quarks should be almost free, it is reasonable to calculate  the shift 

in the energy of meson core using first oder perturbation theory. 

15 

(One gluon exchange contribution to the energy conservation)  
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 So total energy of meson in its ground state is  

                                                         

                𝐸𝑀 = 𝐸𝑀
0 + (∆𝐸)𝑔

𝜖+(∆𝐸)𝑔
𝑀 

     

 Energy shift is in the form: 

                               

                           (∆𝐸)𝑔 = (∆𝐸)𝑔
∈+ (∆𝐸)𝑔

𝑀 



CENTER OF MASS CORRECTION 
• The independent motion of quarks inside the hadron core does not lead to a state of 

definite total momentum 

• The energy associated with the spurious centre of mass motion must provide a further 

correction to the hadron energy obtained 

• This prescription was given by: 

 

    1. Wong C W Phys.Rev. D 24, 1416 (1981) 

    2. Duck I Phys.Lett. 77, 223, 1978 

    3. Bertelski J et al. Phys.Rev.D. 29, 1035 (1984) 

      

The static meson core state is decomposed into plane-wave momentum eigen state: 

                   ¦M(x) > =  
𝒅𝟑𝑷

𝑾𝑴 𝑷
𝐞𝐱𝐩 𝒊𝑷. 𝑿 𝝋𝑴(𝑷) ¦M(P)> 

      The inverse relation is: 

                      

                IM(P)> = 
𝟏

(𝟐𝝅)𝟑
 
𝑾𝑴(𝑷)

𝝋𝑴(𝑷)
 𝒅𝟑𝑿𝒆𝒙𝒑(−𝒊𝑷. 𝑿)IM(X)> 
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•    The normalisation is as follows: 

              <M(P)IM(P)>  = 𝟐𝝅 𝟑𝟐𝑬𝒑𝜹 𝑷 − 𝑷
,  

              𝝋𝑴
𝟐  =

𝑾𝒏(𝑷)

(𝟐𝝅)𝟑
 𝑰𝑴 (p) 

•  This permits ready estimates of the centre of mass-momentum P  

                          <P2> =  𝑑3𝑝𝐼𝑚 (P)P2 

                                   =  < 𝑝2 >𝑞 q       Where     < 𝒑𝟐 > = 
𝟏𝟏𝑬𝒒

, +𝒎𝑸
, (𝑬𝒒

,𝟐−𝒎𝒒
,𝟐)

𝟔(𝟑𝑬𝒒
, +𝒎𝒒

, )
 

• Here <p2>q   is the average value of the square of the individual quark-

momentum  

 

• Mass of Meson : 𝒎𝑴 = [{𝑬𝑴
𝟎  + (∆𝑬)𝒈

∈  + (∆𝑬)𝒈
∗𝑴 }𝟐 - < 𝑷𝟐 >]1/2 
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◦ Barik and Dash  

◦ Phys. Rev.D. 33, 1925 (198 
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Meson Meson Mass (GeV) 

Predicted Experimental 

   𝐃±∗ 2.0149 2.0101 

 𝐃± 1.8538 1.8694 

𝐃𝐬
±∗ 2.0731 2.1103 

𝐃𝐬
± 1.9149 1.9690 

  𝐁±∗ 5.3292 5.3246 

 𝐁± 5.2643 5.2786 

𝐁𝐬
𝟎∗ 5.3720 5.4256 

𝐁𝐬
𝟎 5.3055 5.3786 

𝐁𝐜
±∗ 6.3142 - 

𝐁𝐜
± 6.2707 6.2749 

 Barik and Dash: Phys. Rev.D. 33, 1925 (1986) 

 Pramana-J. Phys: 29(6), 543-557 (1987) 
 



20 

MOMENTUM PROBABLITY AMPLITUDES 
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• Using the momentum probability amplitudes for quarks and antiquarks we 

write the momentum profile function for meson  as :  



The meson state at definite momentum reflect the momentum distribution among constituent 

quark and antiquark 

| Bc(𝑷 , 𝑺𝑩𝒄⟩ = 𝜦 Bc (𝑷,SB)  | (𝒑𝒃, 𝝀𝒃);(𝒑𝒄,𝝀𝒄) ⟩ 

 

Where | (𝒑𝒃,𝝀𝒃); (𝒑𝒄,𝝀𝒄)⟩ =𝒃 𝒃
†
(𝒑𝒃,𝝀𝒃)𝒃 †(𝒑𝒄,𝝀𝒄)|𝟎⟩ 

In the fockspace representation  of the unbound quark and antiquark are  

 

𝜦 Bc (𝑷,SB) = 
𝟑

𝑵𝑩𝒄 𝑷

 Ϛ𝒃,𝒄 
𝑩𝒄

𝜹𝒃,𝜹𝒄 
𝝀𝒃, 𝝀𝒄  𝒅

𝟑𝒑𝒃 𝒅
𝟑𝒑𝒄   𝜹

𝟑 𝒑𝒃 + 𝒑𝒄 − 𝑷 𝓖𝑩𝒄 𝒑𝒃, 𝒑𝒄  

Imposing Normalization condition  

𝑩𝒄 𝑷
՚ Bc(𝑷)  = 𝜹𝟑 𝑷 − 𝑷′  
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MESON STATE & MESON NORMALIZATION 



For ground state we take the quark masses, corresponding binding energies and potential parameters: 

 

INPUT  PARAMETERS 

          a, V0 ≡ 0.017166GeV3, −0.1375GeV  
 
mb, mc, mu ≡ 4.77659, 1.49276, 0.07875 GeV 

 
             Eb, Ec ≡ 4.76633, 1.57951  GeV 

     Eu, Ec ≡ 0.96221, 5.05366, 1.97015 GeV 

Eu, Ec ≡ 0.1.29356, 5.21703, 2.22478 GeV 

2S 

3S 

1S 

For 2s and 3s states  potential parameter V0 is -0.01545 GeV 
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Sfi= 𝟐𝝅 𝟒𝜹𝟒 𝒑 − 𝒌 − 𝒌𝟏 − 𝒌𝟐
−𝑴𝒇𝒊

𝟐𝝅 𝟑𝟐𝑴 𝟐𝝅 𝟑𝟐𝑬𝒌 𝟐𝝅
𝟑𝟐𝑬𝒌𝟏 𝟐𝝅

𝟑𝟐𝑬𝒌𝟐

 

𝑴𝒇𝒊= 
−𝑮𝑭

𝟐
𝑽𝒒𝟏𝒒𝟏

, 𝑯𝝁 𝑳𝝁
𝒍  

where 𝑯𝝁= 
𝟒𝑴𝑬𝒌

𝑵 𝒌 𝑵 𝒑
 

𝒅𝟑𝒑𝟏

𝟐𝑬𝒑𝟏𝟐𝑬 𝒌−𝑷+𝑷𝟏

 Ϛ𝒒𝟏
, 𝒒𝟐𝒒𝟏𝒒𝟏

, 𝒒𝟐 𝝀𝟏
, 𝝀𝟐 Ϛ𝒒𝟏𝒒𝟐 𝝀𝟏𝝀𝟐  

 

                                                   × 𝓖𝑴 𝑲− 𝑷+𝑷𝟏, 𝑷 − 𝑷𝟏 𝓖𝑴 𝑷𝟏, 𝑷 − 𝑷𝟏  

 

And   𝑳𝝁
𝒍 =  𝑼 𝒌𝒆, 𝜹𝒆 𝜞𝝁V 𝒌𝝂, 𝜹𝝂   

 

 𝑴𝒇𝒊
𝟐
=
𝑮𝑭
𝟐

𝟐
𝑽𝒒𝟏𝒒𝟏

, 𝑯𝝁𝝑𝑳𝝁𝝑
𝒍              𝑳𝒊𝒋 = 

𝟒𝝅

𝟑
𝒒𝟐𝜹𝒊𝒋 

 

INVARIANT MATRIX AMPLITUDES 
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a. Lepton  rest frame 

b. Vector meson helicity frame 

FRAME OF REFERENCE 
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DECAY RATES & HADRONIC AMPLITUDES 
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FORM FACTOR FOR 𝟎− → 𝟎− TRANSITION 
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• The weak form factors are  

expressed in the dimensionless form 

FORM FACTORS FOR 𝟎− → 𝟏− TRANSITION 
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OVERLAPPING MOMENTUM DISTRIBUTION AMPLITUDE 
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𝒒𝟐 dependence of form factors 
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 We have studied the behavior of radial momentum distribution amplitude and calculated the 

Lorentz-invarinat weak form factors from the overlap integral. 

 

 We have predicted the 𝑞2 dependence of weak form factors for decay modes in their physical 

kinematic range. 

 

 As expected, our predicted BR are obtained in the following hierarchy:  

      BR(𝑩𝒄 → 𝜼𝒄 ψ(3S)) <  BR(𝑩𝒄 → 𝜼𝒄 ψ(2S)) <  BR(𝑩𝒄 → 𝜼𝒄 ψ(1S)).  This is due to tighter     

      phase space and weaker 𝑞2 dependence of form factors. 

 

 Our predicted branching ratios for decays involving ground and radially excited S-wave 

charmonium states are in good agreement with other model predictions. 

 

 We have also studied the longitudinal and transverse polarization contribution to the 

branching ratios of 𝐵𝑐 → Ψ(nS) e 𝜗𝑒 in the lower, higher and whole kinematic region. 
physical  

 



                  Differential decay rates considering angular distribution with the momentum transfer squared 𝑞2 

 
𝑑Γ

𝑑𝑞2𝑑(𝑐𝑜𝑠θ)
=

1

2𝜋 3
 

𝐺𝐹
2

12𝑀𝑝
2 𝑉𝑏𝑐

2
𝑞2 −𝑚𝑒

2

𝑞2
𝐾   𝐿𝜇𝜗𝐻𝜇𝜗 

 
𝐿𝜇𝜗𝐻𝜇𝜗= 
2

3
𝑞2 −𝑚𝑒

2 8

3
1 + 𝑐𝑜𝑠2𝜃 𝐻 𝑈 +

3

4
𝑠𝑖𝑛2𝜃𝐻 𝐿 −

3

4
𝑐𝑜𝑠𝜃𝐻 𝑝 +

𝑚𝑒
2

2𝑞2
3

4
𝑠𝑖𝑛2𝜃𝐻 𝑈 + 

3

2
𝑐𝑜𝑠2𝜃𝐻 𝐿 + 3𝑐𝑜𝑠𝜃𝐻 𝑆𝐿 +

1

2
𝐻 𝑆   

 

Where     𝐻𝑈 = 𝐻+
2 + 𝐻−

2 

 𝐻𝐿 = 𝐻0
2 

 𝐻𝑃 = 𝐻+
2 − 𝐻−

2 

 𝐻𝑆 = 3 𝐻𝑡
2 

 𝐻𝑆𝐿 = 𝑅𝑒 𝐻0𝐻𝑡  

  

 

𝑳𝒆𝒑𝒕𝒐𝒏 𝑴𝒂𝒔𝒔 𝑬𝒇𝒇𝒆𝒄𝒕𝒔 𝒊𝒏 
𝑩𝒄 → 𝜼𝒄, 𝑱/𝝍𝒍 𝝑 , 𝑩𝒄 → 𝑫 𝑫∗ 𝒍 𝝑, 𝑩𝒄  → 𝑿(𝟐𝑺/𝟑𝑺), 𝒍, 𝝑𝒍 



𝑑Γ

𝑑𝑞2
=
𝑑Γ𝑈
𝑑𝑞2
+
𝑑Γ𝐿
𝑑𝑞2
+
𝑑Γ 𝑈
𝑑𝑞2
+
𝑑Γ 𝐿
𝑑𝑞2
+
𝑑Γ 𝑠
𝑑𝑞2

 

Where , 
𝑑Γ𝑖

𝑑𝑞2
=

1

2𝜋 3
 
𝐺𝐹
2

12𝑀𝑝
2 𝑉𝑏𝑐

2 𝑞
2−𝑚𝑙

2

𝑞2
𝐾 𝐻𝑖 

and 
𝑑Γ 𝑖

𝑑𝑞2
=
𝑚𝑙
2

2𝑞2
 𝑑Γ𝑖
𝑑𝑞2

  , 𝑖 = 𝑈, 𝐿, 𝑃, 𝑆 

Integrating over 𝑞2 we get 

                                 Γ = Γ𝑈 + Γ𝐿 + Γ 𝑈 + Γ 𝐿 + Γ 𝑆 
 

 

DECAY & HELICITY RATES 

For Pseudoscalar Meson In Final state 

Γ = Γ𝐿 + Γ 𝐿 + Γ 𝑆 

For Vector meson In Final State 

Γ = Γ𝑈 + Γ𝐿 + Γ 𝑈 + Γ 𝐿 + Γ 𝑆 



q2-dependence of form factors 
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PREDICTIONS OF FLAVOR OBSERVABLES IN RIQM 

PREDICTIONS OF HELICITY RATES 



 The 𝜏 − 𝑝ℎ𝑎𝑠𝑒 𝑠𝑝𝑎𝑐𝑒 𝑎𝑠 𝑐𝑜𝑚𝑝𝑎𝑟𝑒𝑑 𝑡𝑜 𝑒− and 𝜇− cases is considerably reduced and shifted to large 

𝑞2 region. 

 

CONCLUSION AND OUTLOOK 
 

    Predicted branching ratios and investigated the longitudinal and transverse polarization  

          ratios in the low, high 𝑞2region as well as in the whole kinematic region. 

 Predicted q2-dependence of helicity amplitude, partial helicity rates and partial decay 

rates. 

 Predicted the 𝑞2 dependence of the form factors in the physical kinematic region. 

 

 

 
                                       (PHYS. REV. D 104, 036012  (2021)) 
  
                                       (EUR. PHYS. J. C 82, 750 (2022)) 
 

 

 Our predicted observable R for Bc → ηc(nS) and Bc → ψ(nS) is found comparable to other SM 

predictions.  

 

  RIQ model does not incorporate any new physics bounds to explain these anomalies 

 

 However, in the absence of predicted data from established model approaches in the literature for Bc 

decays to charm meson states, our predictions: RD(2S), RD(3S), RD∗ (2S) and RD∗ (3S) can be useful to 

identify the Bc-channels characterized by clear experimental signature. 
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 There are other possible anomalies by different processes  related to LFUV  

        i.e. anomalous magnetic moment of electron and muon by Fermilab, mass of W boson by CDF    

       collaboration, the ckm puzzle 

 

 Therefore flavor anomalies are the strongest hints for BSM physics 

FUTURE PROSPECTS 



 42 

 Moreover, with the start of the Run 3 data taking, period (2022-2025) at the LHC, the data 

collections are expected to boom approximately three times larger in three years. This will 

certainly increase the event statistics which will further reduce the statistical and systematic 

uncertainties 

 On the theoretical side, we should comprehensively report the results from existing models 

and welcome more NP models to explain these anomalies for testing on the experimental 

predictions. 

 If the LUV anomalies stay then in no time there will be some remarkable evidence, unraveling 

the NP in the flavor community  

 As quoted by https://ncatlab.org/nlab/show/flavour+anomaly#CrivellinEtAl18 

       It is expected that if the ongoing evaluation of the data of LHC‘s Run 2 confirms the   

       measurements of Run 1, then the statistical significance of the effect in each decay channel        

       separately is expected to have reached 5 σ.  

            LHCb Collaboration 18 predicts a statistical significance between 6 and 10 σ 

             by the year 2025 https://ncatlab.org/nlab/show/flavour+anomaly#LKLR19 
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◦ BACK UP 
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 In my foregoing study we have presented a study of certain aspects of low energy hadronic phenomena 

relating to weak and electromagnetic decays of 𝐵𝐶  meson 

 

 Due to the complicacies arising from non-abelian and non-perturbative characteristics of QCD. 

Therefore we have adopted an otherwise successful phenomenological model for hadrons i.e 

“Relativistic Independent Quark Model” 

 

  The dynamics of core constituents inside the hadron is represented through an effective zeroth order 

Lagrangian density with an interaction potential in equally mixed scalar-vector harmonic form. 

 

 The potential parameters, the quark masses and their corresponding binding energies have already been 

fixed in this model from hadron spectroscopy in earlier works of model application. 

 

 In view of the recent prediction of excited  𝐵𝐶  meson states by ATLAS and CMS experiments, for the first 

time, we have extended the model application to study hadronic phenomena in radially excited states (2S 

and 3S). 

 

 The outcomes of all the investigations are almost in agreement with other model predictions. Of course 

in some cases there have been disagreements with other model predictions, which is due to  inherent 

constraints of all model dependent (phenomenological) studies.  The future experiments ( LHCb, Z-

factory, Tevatron etc) can only infer which model is closer to truth.   
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PREDICTIONS FOR RADIALLY EXCITED CHARMONIUM STATES  


