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Terminology:

Galilei limit:
v

c
→ 0 ⇐⇒ c→∞ Carroll limit:

v

c
→∞ ⇐⇒ c→ 0
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Outline:

Motivation

Carroll Particles

Carroll Algebra

Carroll Scalar Field Theories (s = 0)

Carroll Fermion Field Theories (s = 1
2
) X

On Supersymmetry

Carrollian Supersymmetry ( 0 , 1
2

) X

Conclusion
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Motivation

Flat space holography:
Conformal Carroll field theory might be dual to quantum gravity in
asymptotically flat spacetime [S. Pasterski (2021), L. Donnay (2023), ...]

Cosmology and dark energy:
Carroll symmetry might be relevant for de Sitter cosmology and inflation [J. de
Boer, J. Hartong (2022), ...]

Carroll gravity:
M. Henneaux (1979), N. A. Obers (2022), D. Grumiller (2023), ...

String theory:
Carroll symmetries arise in the tensionless limit of string theory [A. Bagchi (2016),
...]

Carroll symmetry in hydrodynamics:
L. Ciambelli, C. Marteau (2018), ...
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Carroll Algebra

Recall the Poincaré algebra

[Pµ , Pν ] = 0

[ Jµν , Pρ ] = ηµρ Pν − ηνρ Pµ

[ Jµν , Jρσ ] = ηµρ Jνσ − ηµσ Jνρ − ηνρ Jµσ + ηνσ Jµρ

in which

Pµ := ∂µ Translation generators

 P0 Hamiltonian

Pi Momentum

Jµν := xµ ∂ν − xν ∂µ Lorentz generators

 Ji0 Boosts

Jij Rotations

are ten Poincaré generators in 4d spacetime.
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Carroll Algebra

Poincare generators, P0, Pi, Ji0, Jij , including c (i.e. xµ = (ct, xi)) become:

P0 =
1

c
∂t Pi = ∂i Ji0 = xi

1

c
∂t + c t ∂i Jij = xi∂j − xj∂i

Rescaling the generators, one gets

c P0 → H = ∂t c Ji0 → Bi = xi ∂t + c2 t ∂i

Taking the Carroll limit c→ 0, one obtains the Carroll generators:

H = ∂t Pi = ∂i Bi = xi ∂t Jij = xi∂j − xj∂i

satisfying the Carroll algebra:

[Pi, Bj ] = δijH

[Jij , Pk] = δikPj − δjkPi

[Jij , Bk] = δikBj − δjkBi

[Jij , Jkl] = δikJjl − δjkJil + δjlJik − δilJjk
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Carroll Particles
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Carroll Particles

Consider a free relativistic particle with energy E, mass m and momentum ~p:

~p = γ m~v E = γ mc2 E2 = ~p 2c2 +m2c4

where

γ =
1√

1− v2

c2

c→0−−−→ ?

is not well-defined in the Carroll limit c→ 0. There are two options:


~v = 0 → γ = 1 → ~p = 0 E = mc2 electric Carroll particles

v2 > c2 → γ = i c/v → ~p = mc v̂ E = 0 magnetic Carroll particles

Jan de Boer et al. [arxiv:2110.02319]
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Carroll Scalar Field Theories (s = 0)
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There are 4 methods in the literature:

• Lagrange multiplier method X

• Hamiltonian method X

• Field expansion method X

• Seed Lagrangian method
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Carroll Scalar Field Theories

Let us consider the Lagrangian of a relativistic massless scalar field

L = − 1

2
∂µφ∂

µ φ

including the speed of light c

L =
1

2c2
(∂tφ)2 − 1

2
(∂iφ)2

by rescaling the field φ→ c φ, one has

L =
1

2
(∂tφ)2 − 1

2
c2 (∂iφ)2

Taking the Carroll limit c→ 0, one obtains

Electric Carroll scalar field: Le =
1

2
(∂tφ)2

• mass term can be added

J. de Boer (2022), E. A. Bergshoef (2022)
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Carroll Scalar Field Theories

Let us consider again the Lagrangian of a relativistic massless scalar field

L = − 1

2
∂µφ∂

µ φ

including the speed of light c

L =
1

2c2
(∂tφ)2 − 1

2
(∂iφ)2 (1)

This Lagrangian has also an alternative by adding a Lagrange multiplier χ:

L′ = − 1

2
c2 χ2 + χ∂tφ−

1

2
(∂iφ)2 − c2 χ+ ∂tφ = 0 (2)

Taking the Carroll limit c→ 0, one obtains

Magnetic Carroll scalar field: Lm = χ∂tφ−
1

2
(∂iφ)2

• mass term can be added as a tachyon

J. de Boer (2022), E. A. Bergshoef (2022)
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Carroll Scalar Field Theories

Hamiltonian method: Let us consider a massless scalar field Lagrangian in which
the canonical momentum conjugate to the field reads

πφ =
∂L
∂φ̇

=
1

c2
φ̇ , φ̇ ≡ ∂tφ

and then the Hamiltonian density becomes

H = πφ φ̇− L =
1

2

[
c2(πφ)2 + (∂iφ)2

]
Accordingly, the Hamiltonian action becomes

S [φ, πφ] =

∫
dt d3x

{
πφ φ̇−H

}
=

∫
dt d3x

{
πφ φ̇−

1

2
c2(πφ)2 − 1

2
(∂iφ)2

}


magnetic: c→ 0 Sm =

∫
dt d3x

{
πϕ φ̇−

1

2
(∂iφ)2

}

electric: φ→ cφ, π → 1
c
π, c→ 0 Se =

∫
dt d3x

{
πφ φ̇−

1

2
(πφ)2

}
M. Henneaux (2021)
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Carroll Scalar Field Theories

• Under a Lorentz boost transformation, the scalar field Φ transforms as

δ Φ = i βi J
0i Φ = βi

(
x0∂i − xi∂0

)
Φ =

(
c t βi ∂i +

1

c
βi xi ∂t

)
Φ

with βi being the Lorentz boost parameter, and the Lagrangian transforms into a total
derivative.

Carroll boost transformations:

• In the Lorentz boost trans., by defining βi = c bi, with bi being the Carroll boost
parameter, and then taking the limit c→ 0, one gets

Carroll boost trans. :

 δφ = bi xi ∂t φ

δχ = bi xi ∂t χ+ bi ∂i φ
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Carroll Fermion Field Theories (s = 1
2
)
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Carroll Fermion Field Theories

Let us consider the Lagrangian density of a massless Dirac field including c

L = − Ψ̄ (γµ∂µ)Ψ = − Ψ̄
( 1

c
γ0∂t + γi∂i

)
Ψ

We then perform an expansion around c = 0 in the Dirac field

Ψ = cβ
(
ψ + c η +O(c2)

)
for some β, and introduce Le and Lm through the Lagrangian density

L = c2β−1
(
Le + cLm +O(c2)

)
By substituting the field expansion into the Lagrangian and comparing with the latter

electric Carroll Dirac: Le = − ψ̄ γ0∂t ψ

magnetic Carroll Dirac: Lm = −
(
ψ̄ γi∂iψ + η̄ γ0∂t ψ + ψ̄ γ0∂t η

)
[K. Koutrolikos, M.N., PRD (2023)]
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Carroll Fermion Field Theories

These Lagrangians are invariant under the following Carroll boost transformations:

Carroll boost trans. :

 δψ = bixi ∂t ψ

δη = bixi ∂t η + 1
2
γ0 γi bi ψ

• Carroll fermions can be of Dirac, Majorana, or Weyl spinors
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On Supersymmetry
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On Supersymmetry (SUSY)

• To supersymmetrize a theory, given by a sum of bosonic and fermionic actions

SSUSY = Sb[φ] + Sa[A] + Sf [ψ]

one should find “ SUSY transformations”:

{
δφ = ε̄ (· · · )ψ

δψ = (· · · )φ ε
such that

1) leave invariant the “ SUSY action”, i.e. δSSUSY = 0

2) satisfy the “ SUSY algebra”, i.e. [ δ1 , δ2 ] = 2 (ε̄2 γ
µ ε1) ∂µ

• In the Carroll supersymmetry, the SUSY algebra reads

Carroll SUSY algebra: [ δ1 , δ2 ] = 2 (ε̄2 γ
0 ε1) ∂t

Mojtaba Najafizadeh (FUM & IPM) Carroll Fermions & SUSY Wednesday Weekly Seminars (IPM) 25 / 31



Carroll Algebra Carroll Particles Carroll Scalar Carroll Fermion Supersymmetry Super-Carroll Conclusion

On Supersymmetry (SUSY)

• To supersymmetrize a theory, given by a sum of bosonic and fermionic actions

SSUSY = Sb[φ] + Sa[A] + Sf [ψ]

one should find “ SUSY transformations”:

{
δφ = ε̄ (· · · )ψ

δψ = (· · · )φ ε
such that

1) leave invariant the “ SUSY action”, i.e. δSSUSY = 0

2) satisfy the “ SUSY algebra”, i.e. [ δ1 , δ2 ] = 2 (ε̄2 γ
µ ε1) ∂µ

• In the Carroll supersymmetry, the SUSY algebra reads

Carroll SUSY algebra: [ δ1 , δ2 ] = 2 (ε̄2 γ
0 ε1) ∂t

Mojtaba Najafizadeh (FUM & IPM) Carroll Fermions & SUSY Wednesday Weekly Seminars (IPM) 25 / 31



Carroll Algebra Carroll Particles Carroll Scalar Carroll Fermion Supersymmetry Super-Carroll Conclusion

On Supersymmetry (SUSY)

• To supersymmetrize a theory, given by a sum of bosonic and fermionic actions

SSUSY = Sb[φ] + Sa[A] + Sf [ψ]

one should find “ SUSY transformations”:

{
δφ = ε̄ (· · · )ψ

δψ = (· · · )φ ε
such that

1) leave invariant the “ SUSY action”, i.e. δSSUSY = 0

2) satisfy the “ SUSY algebra”, i.e. [ δ1 , δ2 ] = 2 (ε̄2 γ
µ ε1) ∂µ

• In the Carroll supersymmetry, the SUSY algebra reads

Carroll SUSY algebra: [ δ1 , δ2 ] = 2 (ε̄2 γ
0 ε1) ∂t

Mojtaba Najafizadeh (FUM & IPM) Carroll Fermions & SUSY Wednesday Weekly Seminars (IPM) 25 / 31



Carroll Algebra Carroll Particles Carroll Scalar Carroll Fermion Supersymmetry Super-Carroll Conclusion

On Supersymmetry (SUSY)

• To supersymmetrize a theory, given by a sum of bosonic and fermionic actions

SSUSY = Sb[φ] + Sa[A] + Sf [ψ]

one should find “ SUSY transformations”:

{
δφ = ε̄ (· · · )ψ

δψ = (· · · )φ ε
such that

1) leave invariant the “ SUSY action”, i.e. δSSUSY = 0

2) satisfy the “ SUSY algebra”, i.e. [ δ1 , δ2 ] = 2 (ε̄2 γ
µ ε1) ∂µ

• In the Carroll supersymmetry, the SUSY algebra reads

Carroll SUSY algebra: [ δ1 , δ2 ] = 2 (ε̄2 γ
0 ε1) ∂t

Mojtaba Najafizadeh (FUM & IPM) Carroll Fermions & SUSY Wednesday Weekly Seminars (IPM) 25 / 31



Carroll Algebra Carroll Particles Carroll Scalar Carroll Fermion Supersymmetry Super-Carroll Conclusion

On Supersymmetry (SUSY)

• To supersymmetrize a theory, given by a sum of bosonic and fermionic actions

SSUSY = Sb[φ] + Sa[A] + Sf [ψ]

one should find “ SUSY transformations”:

{
δφ = ε̄ (· · · )ψ

δψ = (· · · )φ ε
such that

1) leave invariant the “ SUSY action”, i.e. δSSUSY = 0

2) satisfy the “ SUSY algebra”, i.e. [ δ1 , δ2 ] = 2 (ε̄2 γ
µ ε1) ∂µ

• In the Carroll supersymmetry, the SUSY algebra reads

Carroll SUSY algebra: [ δ1 , δ2 ] = 2 (ε̄2 γ
0 ε1) ∂t

Mojtaba Najafizadeh (FUM & IPM) Carroll Fermions & SUSY Wednesday Weekly Seminars (IPM) 25 / 31



Carroll Algebra Carroll Particles Carroll Scalar Carroll Fermion Supersymmetry Super-Carroll Conclusion

Carrollian Supersymmetry: ( 0 , 1
2
)
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Super-electric Carroll theory

We introduce the super-electric Carroll action by [K.K, M.N., PRD (2023)]:

S
SUSY

eC =
1

2

∫
dt d3x

{
(∂tφR)2 + (∂tφI)

2 + FR
2 + FI

2 − ψ̄ γ0∂t ψ
}

and find that the action is invariant under the Super-electric Carroll transformations

δφR = ε̄ ψ

δφI = ε̄ i γ5 ψ

δFR = − ε̄ γ0 ∂t ψ

δFI = − ε̄ i γ5γ0 ∂t ψ

δψ = γ0∂t (φR + i γ5 φI) ε− (FR + i γ5 FI) ε

We show that these transformations close off-shell for every field

[ δ1 , δ2 ] = 2 (ε̄2 γ
0 ε1) ∂t
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Super-magnetic Carroll theory

We introduce the super-magnetic Carroll action by [K.K, M.N., PRD (2023)]:

S
SUSY

mC =

∫
dt d3x

{
χ1 ∂t φR + χ2 ∂t φI + FRGR + FI GI +

1

2
λ̄ γ0 ψ − 1

2
ψ̄ γ0 λ

}

and find that the action is invariant under the Super-electric Carroll transformations

δφR = ε̄ ψ δφI = ε̄ i γ5 ψ

δχ1 = ε̄ λ δχ2 = ε̄ i γ5 λ

δFR = − ε̄ γ0 ∂t ψ δFI = ε̄ i γ0γ5 ∂t ψ

δGR = − ε̄ γ0 λ δGI = ε̄ i γ0γ5 λ

δψ = γ0∂t (φR + i γ5 φI) ε− (FR + i γ5 FI) ε

δλ = γ0∂t (χ1 + i γ5 χ2) ε− ∂t (GR + i γ5GI) ε

again these transformations close off-shell for every field

[ δ1 , δ2 ] = 2 (ε̄2 γ
0 ε1) ∂t
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Note

We also derived

Galilei fermions

and generalized them to

Supersymmetry
[K. Koutrolikos, M.Najafizadeh, PRD (2023)]
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Conclusion
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Summary and open questions

• In summary:

• Carrollian physics can be obtained from a relativistic theory by taking a limit

• It has usually two sectors, electric and magnetic

• Open questions:

• vector supermultiplet
(

1 , 1
2

)
• Carrollian higher spin field theories

• Conformal Carroll algebras

• Carroll/Fracton correspondence

• Carroll particle/gravity

• . . .

Thank you for your attention!
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